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IV
ABSTRACT
Th i s  d i s s e r t a t i o n  examines  t o p i c s  i n  A l g e b r a i c  K-Theory,  
c o n c e r n i n g  t h e  c o m p u t a t i o n  of a b s o l u t e  and  r e l a t i v e  Mi ln o r  g r o up s ,  
Kg(R) and K g ( R , I ) ,  f o r  b o t h  commuta t ive  and n o n- c ommu t a t i ve  c l a s s e s  
of  r i n g s ,  i n c l u d i n g  t h e  r e l a t i v e  Kg of  n o n - co m mu t a t i ve  (no t  
n e c e s s a r i l y  commut a t i ve )  r i n g s ,  and t h e  a b s o l u t e  Kg of  commuta t ive  
s e m i l o c a l  r i n g s
Our main t heo rem i s  a n a t u r a l  e x t e n s i o n  of  a r e s u l t  by Maazen 
and S t i e n s t r a  [H PIaa2 en and J S t i e n s t r a ,  A p r e s e n t a t i o n  of  Kg of 
s p l i t  r a d i c a l  p a i r s ,  J  P ure  A p p l  A lg e b r a  1 0 ( 1 9 7 7 ) ,  271-294]  which 
d e t e r m i n e s  t h e  r e l a t i v e  Kg of  r i n g s  m  a commuta t i ve  s e t t i n g  We 
p ro ve  t h e  n on -c om mu ta t i ve  a n a l o g  of t h i s  r e s u l t  f o r  l o c a l  r i n g s
Othe r  r e s u l t s  p rov ed  i n  t h i s  d i s s e r t a t i o n  i n c l u d e  t h e  
r e d un d an cy  of two r e l a t i o n s  g i v e n  i n  Denn i s  and  S t e i n ' s  p r e s e n t a t i o n  
f o r  Kg of  a d i s c r e t e  v a l u a t i o n  r i n g  [R K Denni s  and MR.  S t e i n ,
K? of  d i s c r e t e  v a l u a t i o n  r i n g s .  Adv. Math  18(1 9 7 5 ) , 1 8 2 - 2 3 8 ]  and a 
p r o o f  t h a t  a normal  form u s e d  by K o l s t e r  [M K o l s t e r ,  Kg of  Non- 
Commutat ive  Loca l  Ri ngs ,  J  A lg e b ra  9 5 ( 1 9 8 5 ) ,  17 3-200]  does  not  
a p p l y  more g e n e r a l l y  t o  s e m i l o c a l  r i n g s
V
INTRODUCTION
The s t u d y  of A l g e b r a i c  K-Theory  i s  c l o s e l y  r e l a t e d  t o  t h e  
s t u d y  of  m a t r i c e s  o v e r  r i n g s .  As a whole,  i t  i s  t h e  s t u d y  of  t h e  
f u n c t o r s  Kq,K| ,K2 , f rom r i n g s  t o  g r o up s  and d e r i v e s  i t s  name f rom 
t h e  n o t a t i o n  of  t h e s e  f u n c t o r s  o r i g i n a l l y  chos en  by A G r o t h e n d i e c k  
The f u n c t o r  Kq d e a l s  w i t h  t h e  G r o t h e n d i e c k  g r o u p s  Kq(R) c o n s i s t i n g  
of  i so mor ph i sm c l a s s e s  of f i n i t e l y  g e n e r a t e d  p r o t e c t i v e  modules  over  
a r i n g  R The f u n c t o r  K| d e a l s  w i t h  t h e  Whi tehead  g ro ups  K | (R) ,  
t h a t  i s ,  t h e  f a c t o r  g r ou p  of  t h e  g e n e r a l  l i n e a r  g r o u p  GL(R) by i t s  
e l e m e n t a r y  s u b g ro u p  E(R) ,  t h e  s u b g ro u p  g e n e r a t e d  by e l e m e n t a r y  
m a t r i c e s  w i t h  e n t r i e s  i n  R
The f u n c t o r  K2 d e a l s  w i t h  t h e  Mi ln o r  g r ou p s  KjfR) t h a t  d e s c r i b e  
r e l a t i o n s  among t h e  g e n e r a t o r s  of t h e  e l e m e n t a r y  g r ou p  E(R) In 
f a c t ,  i t  r e f l e c t s  t h e  r e l a t i o n s  of E(R) which a r i s e  due t o  t h e  
c h o i c e  of  R -  no t  one of  t h e  " S t e i n b e r g  r e l a t i o n s "  which h o l d  m  
E(R) f o r  any  R More e x p l i c i t l y ,  we d e f i n e  K^fR) by t h e  e x a c t  
s e quence
1  > K 2 ( P )  » S t  (P.)  » E ( R )  > 1,
where  t h e  S t e i n b e r g  g r o up ,  S t ( P ) ,  i s  an a b s t r a c t  g r o u p  w i t h  
g e n e r a t o r s  s i m i l a r  t o  t h e  g e n e r a t o r s  of E{R),  b u t  f r e e r  i n  t h e  s e n s e  
t h a t  i t s  o n l y  r e l a t i o n s  a r e  t h e  t h r e e  c l a s s e s  of  S t e i n b e r g  r e l a t i o n s  
which h o l d  i n  E(R) f o r  a l l  R Thus ,  i n t u i t i v e l y ,  we may d e s c r i b e  
K?(R) a s  t h e  s e t  of  a l l  n o n t r i v i a l  r e l a t i o n s  i n  E(R) .
The f u n c t o r s  K3 , K4 , a r e  h i g h l y  m o t i v a t e d  by t o p o l o g i c a l
c o n c e r n s  In  t h i s  d i s s e r t a t i o n ,  we c o n c e n t r a t e  on K2 , and  a r e  
i n t e r e s t e d  i n  t h e  o t h e r  K- g r ou ps  a s  t h e y  r e l a t e  t o  K2 t h r o u g h  a 
M a y e r - V i e t o n s  t y p e  long  e x a c t  s e q u e n c e  i n v o l v i n g  t h e  r e l a t i v e  
K- groups  C h a p t e r s  I and I I  p r o v i d e  b ack gr o un d  i n f o r m a t i o n  a b o u t  




C h a p t e r  I I I  p r e s e n t s  some known r e s u l t s  c o n c e r n i n g  t h e  
c a l c u l a t i o n  of  K2 f o r  some s p e c i f i c  c l a s s e s  o f  r i n g s .  F o l l o w i n g  
M a t s u m o t o ' s  p r e s e n t a t i o n  f o r  K? of a f i e l d  u s i n g  S t e i n b e r g  symbols  
(HM), t h e r e  have  b een  f u r t h e r  a t t e m p t s  t o  g e n e r a l i z e  t h i s  r e s u l t  t o  
more g e n e r a l  c l a s s e s  o f  r i n g s .  Some of  t h e  i m p o r t a n t  c o n t r i b u t i o n s  
i n c l u d e  t h e  D e n m s - S t e m  p r e s e n t a t i o n  of  K2 f o r  a d i s c r e t e  v a l u a t i o n  
r i n g  [DS2],  and  Rehmann’ s r e s u l t  f o r  skew f i e l d s  (UR), which g i v e s  
K? up t o  a g r o u p  e x t e n s i o n ,  as  do a l l  c u r r e n t  c o m p u t a t i o n s  of  K2 f o r  
n o n - c o m mu t a t i ve  r i n g s  K o l s t e r  [MK2] d e m o n s t r a t e s  some v e r y  g e n e r a l  
r e s u l t s  f o r  K2 i n  t h e  n o n - c om mu t a t i ve  c a s e ,  b u t  a t  t h e  c o s t  of  u s i n g  
{ g e n e r a l i z e d  D e n n i s - S t e i n )  symbols  of  g r e a t e r  " l e n g t h "  In  t h e  c a s e  
of  n o n - co m mu t a t i ve  l o c a l  r i n g s ,  however ,  he i s  a b l e  t o  s h a r p e n  t he
r e s u l t  t o  s t a n d a r d  D e n n i s - S t e i n  symbols  [MK3]
In C h a p t e r  IV, f o l l o w i n g  a s u g g e s t i o n  by K o l s t e r  i n  [MK2], we 
show t h a t  two of t h e  l o n g e r  r e l a t i o n s  i n  t h e  D e n n i s - S t e i n  
p r e s e n t a t i o n  of  a d i s c r e t e  v a l u a t i o n  r i n g  a r e  r e d u n d a n t
Given  K o l s t e r ' s  d e t e r m i n a t i o n  of  K2 of  a n on - o o n im i t a t i v e  l o c a l  
r i n g ,  one may n a t u r a l l y  wonder  w h e t h e r  t h e  norma l  form f o r  e l e m e n t s  
of  K^tR) can be a p p l i e d  s u c c e s s f u l l y  t o  t h e  s e m i l o o a l  c a s e .  The 
answer  i s  n e g a t i v e ,  a s  we show i n  C h a p t e r  V by o o u n t e r - e x a m p l e  
The main r e s u l t  of  t h i s  d i s s e r t a t i o n  i s  an e x t e n s i o n  of  a 
t heo r em by Maazen and S t i e n s t r a  t h a t  computes  t h e  r e l a t i v e  K2 o f  a 
commu ta t i ve  r i n g .  Maazen and  S t i e n s t r a  [MS] have  d e t e r m i n e d  K2 of  
s p l i t  r a d i c a l  p a i r s ,  i . e .  K2 of  a commut a t ive  r i n g ,  R, r e l a t i v e  t o  a
r a d i c a l  i d e a l  1, s u c h  t h a t  t h e  c a n o n i c a l  p r o j e c t i o n ,  R ------- ► R / I ,
s p l i t s .  The p r e s e n t a t i o n  g i v e n  i s
K2 ( R . I )  a D{ R, I ),
where  D( R, I ) i s  t h e  a b e l i a n  g r o u p  g e n e r a t e d  by D e n n i s - S t e i n  symbols
< ( a , b > ,  w i t h  ( a , b ) «  R*I  U I *R,  and s u b j e c t  t o  a s e t  o f  t h r e e
s t a n d a r d  r e l a t i o n s
Our main t h e o r e m  i s  t h e  a n a l o g o u s  n o n -o o mmu t a t i ve  r e s u l t  f o r  
l o c a l  r i n g s ,  and i s  p r o v e d  i n  C h a p t e r  VI S p e c i f i c a l l y ,  l e t  R be a 
l o c a l  r i n g ,  n o t  n e c e s s a r i l y  commu ta t iv e ,  and I be a s p l i t  p r o p e r  
i d e a l  ( i . e .  R — » R/ I  s p l i t s )
v ii i
Then t h e  s e quen ce
1 ------- > K2 ( R , I )   > D*( R, I ) --------* [R*, l + I ] ------- > 1
i s  e x a c t ,  where  we d e f i n e  D+( R , I )  t o  be t h e  ( u s u a l l y  n o n - a b e l i a n )  
g r o u p  g e n e r a t e d  by D e n n i s - S t e i n  symbols  <(a ,b> w i t h  R x l  U I*R,  and 
s u b j e c t  t o  a s e t  of  18 r e l a t i o n s  The se  r e l a t i o n s  r e d u c e  i n  t h e  
c o n m u t a t i v e  c a s e  t o  t h e  t h r e e  r e l a t i o n s  u s e d  by M a a z e n - S t i e n s t r a  and 
a f o u r t h  i m p l y i n g  t h a t  D+( R , I )  i s  a b e l i a n ,  t h u s  y i e l d i n g  t h e  Maazen- 
S t i e n s t r a  r e s u l t  a s  a s p e c i a l  o a s e .  I t  s h o u l d  be n o t e d  t h a t  a 
t h eo r e m by Keune [FK2] p r o v e s  t h a t  M a a z e n - S t i e n s t r a ' s t heo rem h o l d s  
a l s o  i n  t h e  n o n - s p l i t  c a s e .  A s i m i l a r  e x t e n s i o n  of  our  r e s u l t  t o  
t h e  n o n - s p l i t  c a s e  f o r  t h e  r e l a t i v e  of  n on- c om mut a t i ve  l o c a ]  
r i n g e  i s  e x p e c t e d  t o  h o l d
CHAPTER I : Steinberg Groups and K?
The ( u n s t a b l e )  S t e i n b e r g  g r o u p  S t ( n , R )  i s  a g r o u p  modeled  a f t e r  t h e  
g r o u p  g e n e r a t e d  by e l e m e n t a r y  m a t r i c e s  over  a r i n g ,  R, so we b e g i n  
by d e f i n i n g  t h e  g e n e r a l  l i n e a r  g r oup ,  GL(n , R) ,  and t h e  e l e m e n t a r y  
g r o u p ,  E( n , P )
Note: By r i n g ,  we s h a l l  a l ways  mean an a s s o c i a t i v e  r i n g  w i t h  1 .
Definition 1.1: Let  R be a r i n g  Then GL(n,R) i s  t h e  
m u l t i p l i c a t i v e  g r ou p  of n x n  i n v e r t i b l e  m a t r i c e s  w i t h  e n t r i e s  i n  P
Definition 1.2: E(n,R) i s  t h e  s u b g ro u p  of  GL(n ,F)  g e n e r a t e d  by 
t h e  m a t r i c e s  e 1 ^ ( a ) ,  i  ^ , where
Jr s
1 , i f  r=s
a,  i f  r = i  and  s=.i 
0 , o t h e r w i s e
Two i m p o r t a n t  c l a s s e s  of m a t r i c e s  i n  t h e  e l e m e n t a r y  g r o u p  a r e
and
Wi 3 (u)  -  e 1j ( u ) e j 1 ( - u M) e j j ( u ) ,  u«R* 
H ^ ( u )  = j ( u ) W2 j ( - 1 ) ,  u •  R*
The m a t r i x  H^-jtu) i s  a d i a g o n a l  m a t r i x  w i t h  l ' e  on t h e  d i a g o n a l  
e x c e p t  a t  l o c a t i o n s  n  and g j  which a r e  u and u ’ * r e s p e c t i v e l y
By m a t r i x  m u l t i p l i c a t i o n ,  we may e a s i l y  check  t h a t  t h e  f o l l o w i n g  
r e l a t i o n s  a r e  s a t i s f i e d  in  E( n , R)  f o r  n i  3
( E l )  e ^  j  ( a ) e ^  {b } = e ^ ^ f a  + b)
1
2I ,  i f  }*k and i * l  
, e ^ J a b ) ,  i f  j=k and i ^ l
In  t h e  c a s e  n=2,  E2 becomes a t r i v i a l  c o n s e q ue nc e  of E l ,  s o  f o r  n=2, 
we cho os e  t o  c o n s i d e r  t h e  two r e l a t i o n s
( E l )  e ]2 ( a ) e )2 (b)  = e 1 2 (a+b)
(E2 ) W)?(u ) e 21(a )Wt ?(u J ' 1 = e j ? ( - u a u )
These  r e l a t i o n s  h o l d  f o r  any r i n g r R, and  w i l l  be t h e  b a s i s  f o r  our 
d e f i n i t i o n  of  S t ( n , R )
Definition 1.3: The ( u n s t a b l e )  Steinberg group S t (  n,  R ), f o r  
m 2 ,  i s  d e f i n e d  t o  be t h e  g r o u p  w i t h  g e n e r a t o r s  X j j ( a ) ,  a *R,
1 , 3 * 1 , , n ,  1 ^ 3 , and r e l a t i o n s
(51)  x 1 ;)( a ) x j ; j ( b )  ^ x 1;J(a + b)
f 1 , i f  3 ^k and i ^ l
(52)  [x i ( a ), xu l ( b ) 1 =
11 . X l l ( a b ) ,  i f  j=k and i * l
In  t h e  c a s e  n=2,  we r e p l a c e  r e l a t i o n  S2 w i t h  S2 and t h e  d e f i n i n g  
r e l a t i o n s  a r e
(51)  x )2 ( a ) x )2 (b)  = x )2(a + b)
( 5 2 )  w)2 ( u ) x 2 j ( a ) w )2 ( u ) ‘ ' = x )2 ( - u a u ) ,
where  W j j ( u )  = x* j  < u ) x j i ( - u ‘ ' ) x i=j (u)
Whi le  t h e  c a s e  n=2 may a p p e a r  d i s j o i n t ,  i t  i s  s e e n  t o  be n a t u r a l  by 
n o t i n g  t h a t  S I  and S2 imply  S 2 ‘ when Q2 3.
C l e a r l y ,  we have  a homomorphism d e f i n e d  on g e n e r a t o r s  by
♦ S t ( n , R ) E( n , R )
3X j j ( a )  •— » e i j ( a )
T h i s  homomorphism, 0, i s  c a l l e d  t h e  ( u n s t a b l e )  Steinberg map 
A l t h ou g h  t h e r e  i s  one map f o r  each  m 2 ,  ve r e f e r  t o  eaoh  of  them as  
" t h e "  S t e i n b e r g  map
J u s t  a s  x I j ( a )  i n  t h e  S t e i n b e r g  g r o u p  i s  an o bv i ou s  a n a l o g  t o  t h e  
e l e m e n t a r y  m a t r i x  e j j ( a ) ,  t h e  m a t r i x  i r e f u l  i s  t h e  S t e i n b e r g  g r o u p  
a n a l o g  t o  i t s  image W j j f u )  i n  t h e  e l e m e n t a r y  g r o u p .  We s i m i l a r l y  
d e f i n e  t h e  a n a l o g  of  t h e  d i a g o n a l  m a t r i x  H j j ( u )  t o  be
h i;j ( u )  = * i j ( u ) w i j ( - l ) ( u«R*
The S t e i n b e r g  map, of  c o u r s e ,  maps h ( u )  t o  H(u) .
We a r e  now i n  a p o s i t i o n  t o  d e f i n e  t h e  ( u n s t a b l e )  K? of  a r i n g .  
Definition 1.4: Let  R be a r i n g  and m 2  Then M n , R )  i s  d e f i n e d  
t o  be t h e  k e r n e l  of  t h e  S t e i n b e r g  map, i . e .  i t  i s  d e f i n e d  by t h e  
e x a c t  s e q u e n c e :
1 — > K2 ( n ,R)  — * St{ n, R )  > E( n , R)   > 1
To e a ch  of  t h e  u n s t a b l e  g r o u p s  GL(n , R) ,  E ( n , R ) ,  S t ( n , R ) ,  and 
K2 ( n , R ) ,  t h e r e  c o r r e s p o n d s  a s t a b l e  g r o u p  d e n o t e d  GL(R),  E(R) ,
S t ( R ) ,  and  K;>(R) r e s p e c t i v e l y ,  which a r e  d e f i n e d  a s  d i r e c t  l i m i t s
Definition 1 . 5 :  Let  I be a s e t .  A partial order on I i s  a
r e l a t i o n ,  s,  s a t i s f y i n g  t h e  f o l l o w i n g  c o n d i t i o n s :
( 1 ) For  a l l  i , j , k  ■ I ,  we have  i s i
( 2 ) I f  i £ j  and } i k  t h e n  i  sk
(3)  I f  i s j  and j s i  t h e n  i = j  .
We s a y  t h a t  I i s  direoted i f  g i v e n  i , j  •  I ,  t h e r e  e x i s t s  k « I  such  
t h a t  i  sk and } i k
Let {A2 f be a f a m i l y  of  o b j e c t s  in  a c a t e g o r y  C,  and i n d e x e d  by a 
d i r e c t e d  s e t ,  I For  each  p a i r  i , j « I  such  t h a t  i s j , assume t h e r e  
i s  a morphism
f j  Ai  ------- *
such  t h a t  whenever  l s j s k ,  we have
f j j f j  = fjj and f*  * i d
Then a direct limit f o r  t h e  f a m i l y  i f j} i s  a u n i v e r s a l  o b j e c t  
c o n s i s t i n g  of  a p a i r  (A, ( f i ) ) ,  where  A ■ 0b( C ) and  ( f 1 ) i s  a f a m i l y  
of  morphisms
f 1 Aa  > A, 1 -  I
s uch  t h a t  t h e  f o l l o w i n g  d i a g r a m  commutes:
f,1
-> A ( ----- -— > Aj
i
We d e f i n e  GL(R) t o  be t h e  d i r e c t  l i m i t  of  t h e  GL{n,H),  and 
E(R}, S t ( R ) , Kj tR)  t o  be t h e  d i r e c t  l i m i t s  of  E ( n , R ) ,  S t ( n , R ) ,  K2 ( n ,R )  
r e s p e c t i v e l y  GL(R) may be v i ewed  a s  t h e  u n i o n  of  t h e  GL(n,R)  where 
GL(n,R)  i s  i n c l u d e d  i n t o  GL(n+l ,R)  by
n ( A
n+ 1 A .------- >
For  E{R), S t ( F ) ,  and  K^fR),  we have c a n o n i c a l  maps
E ( n , R) 
S t ( n ,R)
E ( n +1 , R)
■* S t (n +  1 , R)
5K2 ( n ,R )  --------- > Ko(n+1 , R)
F u r t h e r m o r e ,  we s t i l l  have  a S t e i n b e r g  map
0: S t (  R) ---- ► E(R)
X i j t n )  *— > ® i j ( a )
and K2 ( R) i s  t h e  k e r n e l  of  t h e  S t e i n b e r g  map
We a l s o  n o t e  t h a t  f o r  a r i n g ,  R, K ^ R )  may be c h a r a c t e r i z e d  a s  t h e  
c e n t e r  of  S t ( R ) ,  and S t ( R )  may be c h a r a c t e r i z e d  a s  t h e  u n i v e r s a l  
c e n t r a l  e x t e n s i o n  of  E(R)
I n  some c a s e s ,  i t  may be u s e f u l  t o  c o n s i d e r  m o d i f i c a t i o n s  of  t h e  
s t a n d a r d  S t e i n b e r g  g r oups  we have  j u s t  d e f i n e d  For  example ,  
s t a b i l i t y  t h eo r em s  of K o l s t e r  [MKl] show t h a t  when R i s  s e m i l o c a l  
( o r  any  r i n g  which  s a t i s f i e s  B a s s ’ s t a b l e  r a n g e  c o n d i t i o n  SR?),  
K2 (R) i s  i s o m o r p h i c  t o  t h e  g r o u p s  K2 ( n , R )  f o r  n * 3 ,  and  ( f o r  n=2) 
i s o m o r p h i c  t o  t h e  m o d i f i e d  g r o u p  K? ( 2 , R )  which i s  d e f i n e d  as  
f o l l o w s
Definition 1.6 K2'(2,R) i s  d e f i n e d  by t h e  e x a c t  s e qu e n c e
1  ► K ? ' ( 2 , R )   » S t ' ( 2 , R )  * E( 2, R )  > 1.
Definition 1.7: St'(2,R) is t h e  q u o t i e n t  g r o u p  S t  ( 2,  R )/W( 2, R ) ,
where  W(2,R) i s  t h e  normal  s u b g ro u p  of  S t ( 2 , R )  g e n e r a t e d  by t h e  
e l e m e n t s :
( a )  t X | ( a ) t " * X ( ( - u a )  and  tX2 ( a ) t  ^ t - a u  ' ),
where t«S(l,R), (defined below)
u
and t maps to the matrix
/
(b)  xYXy'*, where  (xY, xy ) i s  a y - p a i r  w i t h  xY, xy ■ S( 1, R)
6Definition 1.8 S(1,R) i s  d e f i n e d  t o  be t h e  i n v e r s e  image of
E{ 2, R ) HGL( 1, R ) i n  S t ( 2 , R ) ,  u n d e r  t h e  S t e i n b e r g  map
Definition 1.9: A y-peir in St(2,R) consists of two elements
xV = pf l (x  j ^ y l x ? ^ ) ) 
xy = pFKx ] ( n i )x2 ( y b t ))
w i t h  p ■ S( 1, R)
We have u s e d  t h e  i n d i c e s  1 and  2 f o r  12 and 21 r e s p e c t i v e l y  
We f i n i s h  t h i s  s e c t i o n  by l i s t i n g  some u s e f u l  i d e n t i t i e s  which h o l d  
i n  S t ' ( 2 , R)
Theorem 1.10 The f o l l o w i n g  i d e n t i t i e s  h o l d  i n  S t ( 2 , R )
( 1) w2 (u)  = w j ( —u , u ■ R* ,
(2 )  h2 (u)  = M u ) * 1, u -  R \
(3)  x2 ( a ) x 2 (b)  = x 2(a + b ) ,  a , b * R ,
(4} w(u ) x2( a )w( u ) =  X)(-uau), a ■ R, u - R * .
(5)  w(u)w(v)w(u)  ' = w ( u v ' !u ) ,  u , v « R ‘ ,
( 6 ) h (u  )w( v ) h ( u ) ' '  -  w( uvu) ,  u , v « R * ,
(7)  ( a . b ) ^  = ^ a , b ^ h ( 0 1 ), a , b « R ,  1 + a b w R * ,  0=( 1+ab) ( 1+ ba )
Proof: See  [MK2] We have m o d i f i e d  t h e  s t a t e m e n t s  s l i g h t l y  by
u s i n g  t h e  f i r s t  2 r e l a t i o n s  t o  w r i t e  e a c h  i d e n t i t y  i n  t e r ms  of 
w ( u ) = w 1(u )  i n s t e a d  of  b o t h  W ] ( u )  and w2 ( u ) ,  and  h { u ) = h j ( u )  i n s t e a d  
of  b o t h  h ) ( u )  and h 2 {u) .  O t h e r w i s e ,  t h e  p r o o f s  a r e  a s  i n  [MK2].
□
CHAPTER II: The Mayer-Tietoris Long Exact Sequence
The M a y e r - V i e t o n s  long  e x a c t  s e q u e n c e  of  A l g e b r a i c  K-Theory i s  an 
e x a c t  s e q u e n c e  which i s  no t  o n l y  o b v i o u s l y  s i m i l a r  i n  form t o  t h e  
M a y e r - V i e t o n s  s e q ue nc e  of A l g e b r a i c  Topology,  b u t  a l s o  s h a r e s  i t s  
f u n d a m e n t a l  i m p o r t a n c e  In  f a c t ,  t h e  M a y e r - V i e t o n s  s e qu e n c e  
m o t i v a t e s  t h e  c h o i c e  of  d e f i n i t i o n  f o r  t h e  r e l a t i v e  K - f u n c t o r s  One 
e a r l y  d e f i n i t i o n  of  r e l a t i v e  by M i l n o r  was shown by Swan [SW] t o  
be l e s s  d e s i r a b l e  by p r o v i n g  t h e  long  e x a c t  M a y e r - V i e t o n s  s e quen ce  
i n v o l v i n g  M i l n o r ' s  r e l a t i v e  Ko was i m p o s s i b l e  no m a t t e r  what 
d e f i n i t i o n  f o r  t h e  r e l a t i v e  K3 f u n c t o r  i s  ch os en
In  t h i s  p a p e r  we u s e  a d e f i n i t i o n  of  r e l a t i v e  which was f i r s t  
i n t r o d u c e d  by S t e m  {S TI ] Th i s  c o r r e c t ’ r e l a t i v e  S t e i n b e r g  g r o up ,  
S t ( R , I ) ,  i s  d e f i n e d  t o  be t h e  Oth r e l a t i v e  d e r i v e d  f u n c t o r  of S t (R )  
r e l a t i v e  t o  t h e  c o n g r u en ce  r e l a t i o n  i n  a r i n g  R c o r r e s p o n d i n g  t o  an 
i d e a l ,  I .  (See  [FK1] and [FK2]) Keune,  i n  [FK2],  p r o v e s  t h e  
e q u i v a l e n c e  of  t h e  c h a r a c t e r i z a t i o n  which  we w i l l  t a k e  as  our  
d e f i n i t i o n
Definition 2.1: Let  R be a r i n g  w i t h  t w o - s i d e d  i d e a l ,  I Then t h e  
fibered product, P ( I ) ] ,  i s  d e f i n e d  t o  be
R ( I ) t  = U x q , x i ) « R * R  su ch  t h a t  n{ x g ) = 71 ( x t )} 
where  n R ---- » R/ I  i s  t h e  c a n o n i c a l  p r o j e c t i o n
Now c o n s i d e r  t h e  S t e i n b e r g  g r oup ,  S t ( R ( I ) | ) .  In  p a r t i c u l a r ,  we a r e  
i n t e r e s t e d  i n  t h e  e l e m e n t s  x ^ ( r , r )  and  t h e  e l e m e n t s  y ^ t a )  which  we 
d e f i n e  as
y 1;t( a )  = x j j ( 0 , a )
7
8Keune f i r s t  g i v e s  a p r e s e n t a t i o n  of  t h e  k e r n e l  of  t h e  map i n du ce d  by 
p i ,  d e l e t i o n  of t h e  f i r s t  component ,
K e r ( S t ( R ( I ) t) — » S t ( R ) )
a s  a S t ( R ) - g r o u p  a s  t h e  f o l l o w i n g
G e n e r a t o r s  a r e  symbols  y t j ( a ) ,  where  a « I ,  1 / 3  
D e f i n i n g  r e l a t i o n s  a r e
( 1 ) y 1:1(a ) y A-,(b > = y A j( a + b)
( 2 ) [ y 13( a  ) , y k l ( b ) ) = 1 i f 1*1 and }*k
( 3 ) [ yA a ) , y-,k< b)  J = y lk( a b) i f i *k
( 4 ) x i:)( r  ) y u ( a )  « y 15( a )
!5> x i 3 ( r ) y ki ( a )  = y kl ( a ) i f i * l  and D*k
( 6 ) x 13( r ) y Jh( a ) = y ik( ra  )y.,k( a } i f i * k
( 7 ) x i r )Yki (a ) = _ a r  )Yki (a ) i f k * :
where a g e n e r a t o r  x ^ r )  o f  S t ( R )  o p e r a t e s  on K e r ( p i )  by c o n j u g a t i o n  
w i t h  x 13( r , r )  i n  S t ( R ( I ) t )
Definition 2.2: St(R,I) i s  ( a s  an S t ( P )  g r o u p )  d e f i n e d  by 
g e n e r a t o r s  y ^ f a ) ,  where  a » I ,  1 * 3 , and r e l a t i o n s  ( l ) - ( l )  above,  
t o g e t h e r  w i t h  t h e  r e l a t i o n
x i 2 ( b ) y 2 | ( a )  -  y  12 ( b ) y?  ] ( a ) y 1?( - b )
Under  t h i s  p r e s e n t a t i o n ,  we may d e f i n e  t h e  S t e i n b e r g  map on 
g e n e r a t o r s  i n  t h e  n a t u r a l  manner  a s
4> S t ( R ,  I ) ---- > E(R, I )
y 1;J( a )  — * a )
Definition 2.9: K?(R,I) i s  t h e  k e r n e l  of  t h e  S t e i n b e r g  map, i . e .  
i s  d e f i n e d  by t h e  e x a c t  s e q u e n c e
91 ---- > K2 ( P , I )  ---- > S t ( R , I )  ---- ► E ( F . I )  — > 1
T h i s  d e f i n i t i o n  a l o n g  w i t h  p r o p e r  d e f i n i t i o n s  f o r  t h e  o t h e r  K-groups  
( s e e  (SG2l)  g i v e s  r i s e  t o  t h e  e x a o t n e s s  of  t h e  M e y e r - V i e t o n s  l ong  
e x a c t  s e q u e n c e
 > K3 (R)  > K3 ( R / I )  — ► K2 ( R , I )   > K2 (R) — » K2 ( R / I )
 » K j ( R, X ) ----> K, (R)  ---- ► K , ( P / I ) ---- > K0 ( R , I )  ---- *
An i m p o r t a n t  s i t u a t i o n  t o  be c o n s i d e r e d  i n  t h e  r e l a t i v e  c a s e  i s  when 
t h e  c a n o n i c a l  p r o j e c t i o n  R — » R/ I  s p l i t s
Definition 2 . 4  Le t  R be a r i n g  w i t h  a t w o - s i d e d  i d e a l ,  I Then
t h e  homomorphism x:R ---- > R/ I  i s  s a i d  t o  split i f  i t  a d m i t s  a
s e c t i o n ,  i . e .  i f  t h e r e  e x i s t s  an ( i n j e c t i v e )  g r o u p  homomorphism s 
R/ I  -» R su ch  t h a t  xs = i d R/I, t h e  i d e n t i t y  on R/ I
C l e a r l y ,  i f  R ---- ► R/ I  s p l i t s ,  t h e n  a s  a  g r o u p ,  we have R 2 R/ I  © I ,
and  s o  e v e r y  e l ement  r « R  may be w r i t t e n  u n i q u e l y  a s  r  = a + i ,  w i t h  
a » s ( R / I ) ,  i « I .  We o f t e n  i d e n t i f y  s ( R / I )  and  R / I  so  t h a t  we may 
r e f e r  t o  R/ I  a s  a s u bg r o u p ,  i . e .  R / I  C R a s  a s u b g r o u p  of  R
In  t h e  c a s e  when R — > R / l  s p l i t s  ( compare  [FK2]) ,  i t  f o l l o w s  a s  a 
c o n s e q u e n c e  of  t h e  Mayer V i e t o r i e  s e q u e n c e  t h a t
K2 ( R , I )  -  k e r ( K 2 (R)  > K2( R / I ))
T h i s  i s  a v e r y  n a t u r a l  r e s u l t  I n  f a c t ,  i n  [SY], S y l v e s t e r  c ho os e s  
t h i s  f o r  h i s  d e f i n i t i o n  of  r e l a t i v e  K2 and  shows how i t  may be u s e d  
i n  t h e  c a l c u l a t i o n  of  K2 . Many of  t h e  r e s u l t s  f o r  r e l a t i v e  K2 a r e  
p r o v e d  i n  t h e  s p l i t  c a s e ,  and  some ( i n c l u d i n g  M a a z e n - S t e i n s t r a ' e 
p r e s e n t a t i o n  f o r  K2 o f  s p l i t  r a d i c a l  p a i r s [ M S ]  and  S wa n ' s  e x c i s i o n  
[SW]) may be e a s i l y  e x t e n d e d  t o  t h e  n o n - s p l i t  c a s e  a s  shown by 
Keune (FK2 ]
CHAPTER III: Presentations of K?
In  t h i s  c h a p t e r ,  we i n t r o d u c e  some p r e v i o u s  r e s u l t s  which l e a d  
n a t u r a l l y  t o  t h e  new t h eo r em s  and o b s e r v a t i o n s  g i v e n  in  t h i s  
d i s s e r t a t i o n  S t a t e d  v e r y  b r o a d l y ,  we a r e  i n t e r e s t e d  i n  t h e  
d e t e r m i n a t i o n  of t h e  a b s o l u t e  and r e l a t i v e  K? of  c e r t a i n  c l a s s e s  of 
r i n g s  In  t h e  c a s e  of  c ommut a t i ve  r i n g s ,  R, we look f o r  a 
p r e s e n t a t i o n  of t h e  a b s o l u t e  K-group ,  ^ ( R ) ,  or  t h e  r e l a t i v e  
K-group,  ^ ( R . I ) ,  r e l a t i v e  t o  an i d e a l .  I ,  i n  t e r ms  of  g e n e r a t o r s  
and r e l a t i o n s  In  t h e  n o n - c o mm ut a t i ve  c a s e ,  we want a p r e s e n t a t i o n  
f o r  a g r o u p  D(P) or  D+( R , I )  m  t h e  a b s o l u t e  and r e l a t i v e  c a s e s  
r e s p e c t i v e l y ,  such  t h a t  t h e  a p p r o p r i a t e  s e q u e n c e  i s  e xa c t
1 ------- > KMP) ------- > D(R) ------- ► fP*, R* ] --------► 1
or  as  we g e n e r a l i s e  t o  t h e  r e l a t i v e  s i t u a t i o n  i n  C h a p t e r  VI,
1 ------- > K M F . I )  — > DM R, I ) ------- » [P*, 1 + 1 ] ------- » 1
where  R i s  l o c a l
A f u n d a m e n t a l  r e s u l t ,  whose g e n e r a l i z a t i o n  has  l e d  t o  most  of t h e  
r e s u l t s  we w i l l  c o n s i d e r ,  i s  M a t s u m o t o s  p r e s e n t a t i o n  f o r  Kj t F)  of a 
f i e l d ,  F, i n  t e r ms  of  S t e i n b e r g  symbols ,  i . e .  w i t h  S t e i n b e r g  symbols  
as  g e n e r a t o r s  of K^tF)
Definition 3.1 Gi ven  a r i n g ,  R, t h e  Steinberg symbol {u , v } a -j, 
u . v e R *  i s  d e f i n e d  t o  be t h e  e l ement
{u ,v}j - j  = h^- j t uvJh i - j tu  r 1h i j (  v ) ' 1 
i n  t h e  S t e i n b e r g  g r oup ,  S t ( P )
10
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I f  t h e  r i n g ,  R, i s  c o m m u t a t i v e , t h e n  we may omit  t h e  i n d i c e s ,  
b e c a u s e  t h e  symbol  i s  i n d e p e n d e n t  of t h e  i n d i c e s  l  and j  [JM] When 
we a r e  c o n s i d e r i n g  t h e  u n s t a b l e  or t h e  m o d i f i e d  S t e i n b e r g  g r oups  
( u s u a l l y  m o d i f i e d  i n  t h e  s e n s e  of  a d d i n g  a n o t h e r  r e l a t i o n  or  s e t  of 
r e l a t i o n s  a s  i n  S t ' ( R )  -  s ee  D e f i n i t i o n  1 7) we s t i l l  have  S t e i n b e r g  
symbols  d e f i n e d  i n  t h e  same manner
In  t h e  u n s t a b l e ,  n o n - c o mmu t a t i v e  c a s e  w i t h  n=2,  we may w r i t e  
S t e i n b e r g  symbols  m  S t ( 2 , R ) ,  or  i t s  m o d i f i e d  v e r s i o n s ,  a s  i u , v j |  
and f u , v } p  f o r  | u , v j | 2 and { u , v } 2 i r e s p e c t i v e l y
Theorea 3.2 ( M a t s u m o t o , 1969) I f  R i s  a f i e l d ,  t h e n  K2 (R) has  t he  
f o l l o w i n g  p r e s e n t a t i o n  as  an a b e l i a n  g r ou p
Gener a t  or s {u,.V) ( U,V e R* )
R e l a t i o n s {u iu2 , V) = ( u I , v ) (  u 2.v
{u,. V , v 2 ) = {u,V I }{u , V2
f U., 1-u] = 1 , U £ 1
Note  t h a t  we have  not  d i s t i n g u i s h e d  n o t a t i o n a l l y  t h e  S t e i n b e r g  
symbols  e x i s t i n g  i n  t h e  S t e i n b e r g  g r o u p  f rom t h e  a b s t r a c t  symbols  
which  a r e  g e n e r a t o r s  i n  t h e  p r e s e n t a t i o n  I n  f a c t ,  t h e  t heor em 
s h o u l d  be i n t e r p r e t e d  as  an i so mo r ph i s m be tween  K2 ( F) ,  which i s  t h e  
s u b g r o u p  g e n e r a t e d  by S t e i n b e r g  symbols  m  t h e  S t e i n b e r g  g r oup ,  and 
t h e  g r o u p  d e f i n e d  by t h e  a b s t r a c t  symbols  ( u , v ) ,  u , v » F ,  as  
g e n e r a t o r s  and  s u b j e c t  t o  t h e  t h r e e  r e l a t i o n s  T h i s  d i s t i n c t i o n  
be tween  t h e  two s e t s  of  symbols  s h o u l d  by c l e a r  f rom c o n t e x t ,  so  we 
w r i t e  them i d e n t i c a l l y
We a l s o  p o i n t  ou t  t h a t  Matsumoto s Theorem may be r e s t a t e d  i n  t e r ms  
of  a t e n s o r  p r o d u c t  ov e r  Z
Th eorei 3 2 ( R e s t a t e d )  I f  R i s  a f i e l d ,  t h e n
K 2 ( P ) = (P* ® R*) ' < u •  ( 1- u  ) I u . R 1, u* l>
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The f o l l o w i n g  c o r o l l a r y  of M at s umo to ' s Theorem i f  a s i m p l e  
c o n s e q ue nc e  of e l e m e n t a r y  p r o p e r t i e s  of  f i n i t e  f i e l d s ,  and t h e  f a c t  
t h a t  S t e i n b e r g  symbols  g e n e r a t e  K2 (F)  of  a f i e l d  and a r e  s u b j e c t  to  
t h e  r e l a t i o n s  of Matsumoto s Theorem
C o r o l l a r y  3 . 3  Let  F be a f i n i t e  f i e l d  Then K2 (R) i s  t r i v i a l
P r o o f  Th i s  i s  an e a s y  e x e r c i s e ,  s e e  [SY]
□
Dennis  and S t e m  have  g e n e r a l i z e d  M a t s u m o t o ' s  t heo rem i n  t h e  
commut a t ive  c a s e  t o  d i s c r e t e  v a l u a t i o n  r i n g s  w i t h  t h e  
f o l l o w i n g [DS 2)
T h e o r e m  3 . 4 ( D e n n i s - S t e i n , 1975) Let  R be a commuta t ive  d i s c r e t e  
v a l u a t i o n  r i n g  w i t h  maximal  i d e a l  P ,  t h e n  K2 (R) i s  i s o m o r p h i c  t o  
S(R) ,  t h e  a b e l i a n  g r o u p  g e n e r a t e d  by t h e  S t e i n b e r g  symbols  ( u , v } ,  
u , v  ■ R*, s u b j e c t  t o  t h e  r e l a t i o n s
(51)  { u ]U2, v } = 1 u | , v }{ u 2, v }
(52)  { u , v } = I v . u ) ' '
(53)  1u , - u } = 1
(S4 ) ( u , 1-u} = 1, i f  1-u -  R*
(55)  ( v,  1 - pq v  } = | - (  1 - q v ) ( 1 - p ) ' 1, ( 1-pqv)  ( l - p ) ‘ 1}
{ - ( 1- pv ) ( 1  -  q } 1, ( 1 - p q v ) ( 1 -  q ) ~1 )
(56)  ( -  ( 1 -q r  ) ( 1 - p ) ' 1, ( 1 - pq r  ) ( 1 - p ) ' 1}
( - (  1 - p r  ) ( 1 - q ) ' 1, ( 1- p q r  ) ( 1- q ) ' 1)
( - (  1 - p q )  ( 1 - r  ) ' 1, ( 1- p q r  ) ( 1- r  ) _1) = 1
( S 7 ) (u i, l + qu j } ( u 2( 1- qu  | )*' ,  [ l + q ( u  |+u2 ) 1 ( l +qu j ) }
= { v | ,  l + q v | ) ( v 2 ( 1 -qv  j ) _1, [ l+q(  v (+v2 ) ] ( 1 + q v j ) ’ }
f o r  a l l  p , q , r « P .  u , v , u  i , u 2 , v 1, v 2 ■ R* such  t h a t  u j + u 2 = v j + v 2 « P
I t  can  be shown ( s e e  C h a p t e r  IV f o r  a p r o o f )  t h a t  r e l a t i o n s  S5 and
S 6 a r e  d i r e c t  c o n s e q u e n c e s  of r e l a t i o n s  S1-S4 and S7
13
In t h e  c a s e  of t h e  p r i n c i p a l  i d e a l  domains  Z / m Z ,  S y l v e s t e r  [SY] 
shows t h a t  K^IZ/ mZ)  i s  i s o m o r p h i c  t o  Z / 2 Z  i f  m» 0  (mod 4 ) ,  and 
t r i v i a l  o t h e r w i s e
So f a r ,  t h e s e  r e s u l t s  have  been  g e n e r a l i z a t i o n s  of Matsumoto s 
t heo r em i n  t h e  commut a t ive  c a s e  On t h e  o t h e r  hand,  Rehmann [UR] 
g e n e r a l i z e s  Matsumoto s Theorem t o  t h e  c a s e  of  a skew f i e l d  But 
b e f o r e  s t a t i n g  t h i s  t h eo rem,  we f i r s t  d e f i n e  D e n n i s - S t e i n  symbols
Definition 3 . 5  Let  R be a r i n g ,  and a , b  be e l e m e n t s  of  R such 
t h a t  e = i + a b « R * ,  and £ = l  + ba Then we d e f i n e  t h e  Dennis-Stein 
symbol,
v a . b / ^  = x I -]{a?x-] l ( b ) x i ^(-c"1a ) x ^ I ( - f b ) h I -j(f I ' 1, 
where  a , b  a r e  such  t h a t  t = 1 + ab ■ R*, and  £ = l + ba
These  D e n n i s - S t e i n  symbols  g e n e r a l i z e  S t e i n b e r g  symbols  m  t h e  s e n s e  
t h a t  m  t h e  S t e i n b e r g  g r o up  we have t h e  e q u a l i t y  [SY]
( u , v | i:] = < u ( v - l ) , u ' 1> i-j
Now we s t a t e  Rehmann' s  d e t e r m i n a t i o n  of KjfR) f o r  skew f i e l d s  i n  
t e r ms  of an e x a c t  s e qu en ce
T h o o r e a  3 .  6 ( Rehmann,1978) Given a skew f i e l d ,  P, t h e r e  i s  a s h o r t  
e x a c t  s e qu e n c e
1 ---- > K2(PJ ---- > Dq ( R) ---- » [ R \ R * ]  ---- > 1
where  Dq(R) i s  t h e  g r o u p  g e n e r a t e d  b y  { u , v f ,  u , v » R * ,  s u b j e c t  t o  t h e  
r e l a t i o n s
M(VI)  ( u , 1 - u ]  -  1
(V2) | u v , w |  = u { v , w ) {u, w)
( V 3 ) f u , v ] ( v , u}  = 1
and where we d e f i n e  u fv ,w]  = ]uvu \  uwu '}.
F u r t h e r m o r e ,  Dq(R) i s  { f o r  any l o c a l  r i n g  w i t h  r e s i d u e  c l a s s  f i e l d ,
R / r a d  R, not  i s o m o r p h i c  t o  -  s e e  [MK3]) i s o m o r p h i c  t o  Di(R) ,
d e f i n e d  t o  be t h e  g r o u p  g e n e r a t e d  by < a , b ) > ,  where  l + a b « R * ,  s u b j e c t  
t o  t h e  r e l a t i o n s
(Rl )  '' a , b > <. - b ,  - a  > = 1
(R2) <{ ay,  b^ > <C ba,  y )  = < a , y b >
(R3) < , a , b ' j<( c , d ) \ a , b /  1 = \  Bc8 \ 0 d 6 B = ( l  + a b ) ( l  + ba)  1
(R4) < a , b(> < f a?"1, ( c - b  J t ’ 1 3 = <( a , c > , f = l + ba
Rehmann s r e s u l t  e s t a b l i s h e s  an a p p r o a c h  t o  d e t e r m i n i n g  K2 (R) m  t he
n o n - c o mm ut a t i ve  c a s e  by f i n d i n g  K2 (P) up t o  a g r o u p  e x t e n s i o n  as  a
s u b g ro u p  of  t h e  g r o u p  Dq{R) or  Di(R) g e n e r a t e d  by S t e i n b e r g  or
( s t a n d a r d )  D e n n i s - S t e i n  symbols  In f a c t ,  t h e  map
K 2 f R )  » D0( P >
i s  d e f i n e d  on g e n e r a t o r s  by
(u,  v) x-j  * {u, v]  1j
and s i m i l a r l y ,  we have
K2 (R)  > D,(R)
^ a , b ^ j  ► ^ a , b ^   ^j
By e x a c t n e s s ,  we s e e  t h a t  t h e  e l e m e n t s  of  K2 (R) a r e  p r o d u c t s  of  
symbols  n i u j . v ^ ]  w i t h  n ( u 1 , v 1 ] = 1 or  e q u i v a l e n t l y ,  I l < a a , b i > w i t h
n © !  = 1
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K o l s t e r  [MK2] g e n e r a l i z e s  t h e  r e s u l t  by Rehmann t o  t h e  c a s e  of 
a r b i t r a r y  r i n g s ,  b u t  a t  t h e  c o s t  of  u s i n g  g e n e r a l i z e d  symbols  m  
p l a c e  of  t h e  s t a n d a r d  D e n n i s - S t e m  symbols  An i n v a r i a n t  r e l a t e d  t o  
a meas ure  of  s t a b i l i t y ,  t h e  w o r d - l e n g t h  1(R) ,  i s  d e f i n e d  For  
example ,  a r i n g  t h a t  has  s t a b l e  r a n k  1, 1 e s a t i s f i e s  B a s s ’ s t a b l e  
r a n g e  c o n d i t i o n  SR^, ( e g  a s e m i l o c a l  r i n g )  would have w o r d - l e n g t h  
2 K2 ’ ( 2 , R) ,  which b ehaves  w e l l  un d er  s t a b i l i z a t i o n  w i t h  r e s p e c t  t o
t h e  l i n e a r  Kz- g ro u ps ,  i s  t h e n  d e t e r m i n e d  up t o  a g r ou p  e x t e n s i o n  m  
t e r ms  of g e n e r a l i z e d  D e n n i s - S t e m  symbols  ( T h i s  r e d u c e s  t o  a 
p r e s e n t a t i o n  of  ( 2 ,P)  m  t h e  commuta t i ve  c a s e  )
T h e o r e m  3 . 7 ( K o l s t e r , 1984) Let  R be an a r b i t r a r y  r i n g  For a l l
m z l ( R )  t h e  g r o u p s  D^, ^ , Djd+2 - , DH a r e  i s o m o r p h i c  and t h e
f o l l o w i n g  s e q u e n c e  i s  ex ac t
1 ---- * K2 ' ( 2 , R )  — » 13^  -------» E( 2 , R ) PlGL( 1, P ) ---- * 1,
where  t h e  g r o u p s  Dn a r e  d e f i n e d  by g e n e r a t o r s  <( a |  . ^ n ^ n -
D e n n i s - S t e i n  symbols  of l e n g t h  2n, and r e l a t i o n s
(Ml) \ a j , , , , ,  ^ n ^ ~ a 2n* ■ ■ ■' _ a 1^ n  = ^
(M2) < a | y , a 2  a 2 n >n  = < a 1-Ya 2 .Ya 2 n ^ n  < P - Y > n " 1'
where  1 + py i s  t h e  t a s s o c i a t e d  t o  <^a i y , a 2  a 2n ^ n
(M3) s ( < a j  a 2 n ^ n J s "' = ^ &a I®"- - ^a 2n^ 1 ^ n
where  0 c o r r e s p o n d s  t o  <(a |,  . . ^ a g n ^  n- 
and  s i s  a g e n e r a l  symbol  of  l e n g t h  2 m
(M4 ) s (f t£*1) = z,
where  s = < a i  a 2n ^ n '
2 = ^ a ) a n - b n + l .......... ^ 2n^  n'
i f  n z  2 , t = < - a 2r n l ' - a 2n .“ a n + 2 - _ a n+l  + bn + l ' bn + 2  b 2n ^ n -
i f  n = l ,  t = - 3 3 , bg-ag /  }
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Tf n * 2 , t h e n  we a l s o  need t h e  f i f t h  r e l a t i o n  
(M5) < l , - l , q , l > n = 1, f o r  a l l  q « R
(We r e f e r  t h e  r e a d e r  t o  [MK2] f o r  a p r e c i s e  d e f i n i t i o n  of  t h e  t e rms  
0 , E , a 2 n+i ,  *n t erms  of  t h e  g e n e r a l  symbols ,  but  t h e y  a r e  a 
s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  of t h e  c a s e  of  s t a n d a r d  D e n n i s - S t e i n  
symbols  )
The s t a n d a r d  D e n n i s - S t e i n  symbols  a r e  g e n e r a l i z e d  symbols  of  l e n g t h  
2, and t h e  g r o up  D| (R)  i s  t h e  same g r o u p  D | (F )  d e f i n e d  above  i n  
t e r ms  of s t a n d a r d  D e n n i s - S t e m  symbols  Of c o u r s e ,  Dq does  not  
c o n t i n u e  t h e  p a t t e r n  a s  a g r o u p  of  g e n e r a l i z e d  symbols  of  l e n g t h  
z e r o ,  but  i s  an g r o u p  s i m i l a r  t o  D| (R) ,  g e n e r a t e d  by S t e i n b e r g  
symbols  As we n o t e d  e a r l i e r ,  m  t h e  c a s e  of  l o c a l  r i n g s  w i t h  l a r g e  
enough r e s i d u e  c l a s s  f i e l d s ,  Dq(R)  and D](R) a r e  i s o m o r p h i c
Corollary 3 . 8 ( K o l s t e r ,1964)  Let R be a r i n g  w i t h  s t a b l e  rank  1 
Then t h e  g r ou ps  D2 . , D*. a r e  i s o m o r p h i c  and t h e  f o l l o w i n g
s e q ue nc e  i s  e x a c t
1 ---- » K2 ( 2 ,R)  ---- » D2  » E( 2 , R)  OGL( I , R )  ---- > 1
T h i s  c o r o l l a r y  i s  t h e r e f o r e ,  i n  p a r t i c u l a r ,  a d e t e r m i n a t i o n  of  K2 (F) 
f o r  l o c a l  r i n g s  i n  t e r ms  of  symbols  of l e n g t h  4,  b e c a u s e  i n  t h i s  
case[MK13,
K2 ' ( 2 ,R)  * K2 ( 3.R)  2 . * K2 (R)
T h i s  r e s u l t  i s  s h a r p e n e d  t o  s t a n d a r d  ( l e n g t h  2) symbols  a s  f o l l o w s
Theorem 3 . 9 ( K o l s t e r ,  1985) :  I f  F i s  l o c a l ,  t h e r e  i s  a s h o r t  e x a c t  
s e qu e n c e
1  » j: 2 ( P )  > D ] [ R )  » I R \ R * ]  -— > 1 ,
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where  D| (P)  i s  as  d e t i n e d  above
The s t a t e m e n t  of t h e  t h e o r e m  a l s o  makes u s e  of  t h e  e q u a l i t y
E( 2 , A) O GL(1 , A) = (R*, R*]
t o  w r i t e  t h e  e x a c t  s e q u e n c e  i n  t e rms  of  a commutator  s u b g r o u p  In
t h e  commut a t ive  c a s e ,  t h i s  t h e o r em  r e d u c e s  t o  an i somorphi sm,
Ko(R) = D|( R )
Ta k i ng  a d i f f e r e n t  a p p r o a c h ,  i n s t e a d  of  d e t e r m i n i n g  K2 (R) f o r  wider  
c l a s s e s  of r i n g s ,  Maazen and S t i e n s t r a [ M S ] g e n e r a l i z e  t o  the  
r e l a t i v e  c a s e ,  and g i v e  a p r e s e n t a t i o n  i n  t h e  commuta t ive  c a s e  for  
K2 of s p l i t  r a d i c a l  p a i r s
Definition 3 . 1 0  Let  R be a r i n g  and I be a t w o - s i d e d  i d e a l  i n  R
Then ( P , I )  i s  a split radical pair i f  I i s  a r a d i c a l  i d e a l ,  and
t h e  c a n o n i c a l  p r o j e c t i o n ,  R  * R / I ,  s p l i t s
Theorea 3 . 1 1 ( H  Maazen , J  S t i e n s t r a )  I f  ( R , I )  i s  a s p l i t  r a d i c a l  
p a i r ,  t h e n ,  f o r  any i n t e g e r  n i  3, t h e  homomorphism
6 D( R, I ) ---- * K2 ( n , R , I )
i s  an i somo rp hi sm Hence,
8 D ( R , I )   * K2 ( R . I )
i s  a l s o  an i somorphi sm.
where  D ( R , I )  i s  t h e  a b e l i a n  g r o u p  d e f i n e d  by
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g enerat or?  ^ a , b > ,  one for each couple  ( a , b ) » P * I  L1 I ' P
su ch  t h a t  1 + ab e R*
and r e l a t i o n e  (Dl )  < a,  b )  \ - b ,  - a  > = 1
( D2 ) < a , b ) > < a , c >  = <( a, b+c+abc >
(D3) ( a , b C / ' ) = ( a b , c )  ( a c , b )  .
Theorem 3.11  g i v e s  a p r e s e n t a t i o n  of  K ^ R - I )  f o r  co mmuta t i ve  r i n g s  
o n l y  In  t h i s  d i s s e r t a t i o n ,  we ex t  end t h i s  r e s u I t  t o some 
no n- comrou t a t ive  l o c a l  r i n g s  ( s e e  C h a p t e r  VI,  Theorem 6 . 1 ) We a l s o  
n o t e  h e r e  t h a t  t h e  r e s u l t  of Theorem 3 11 do es  not  depend  upon 
wh e t h e r  or  not  t h e  p a i r  ( R , I )  i s  a s p l i t  p a i r  The p r o o f  t h a t  t h e  
s p l i t  c a s e  i m p l i e s  t h e  g e n e r a l  c a s e  i s  g i v e n  by Keune tFK2]
CHAPTER IT: Dennis-Stein Presentation - Redundant Relations
As d i s c u s s e d  i n  t h e  p r e v i o u s  c h a p t e r ,  one p r e s e n t a t i o n  f o r  K^fR) m  
t h e  commut a t i ve  c a s e  i s  t h e  D e n n i s - S t e i n  p r e s e n t a t i o n  f o r  K? of  a
d i s c r e t e  v a l u a t i o n  r i n g  A l i s t  of s e v e n  r e l a t i o n s  SI  t h r o u g h  S7
were  g i v e n  F o l l o w i n g  a s u g g e s t i o n  i n  (MK3], we show not  o n l y  t h a t  
S5 and S 6 a r e  r e d u n d a n t  i n  t h e  p r e s e n c e  of t h e  o t h e r  r e l a t i o n s  S l -
S 4 . 5 1 .  bu t  a l s o  t h e  d i r e c t  manner i n  which S5 and S 6 a r e
c o n s e q u e n c e s  of t h e  o t h e r  r e l a t i o n s
Once a g a i n  we s t a t e  t h e  D e n n i s - S t e i n  p r e s e n t a t i o n
( O r i g i n a l )  T h e o r e a  4 . 1  I f  P i s  a commu ta t i ve  d i s c r e t e  v a l u a t i o n  
r i n g  w i t h  maximal  i d e a l  P = r a d  R, t h e n  K j t R J - S f R ) ,  where  S(R) i s  
t h e  a b e l i a n  g r ou p  g e n e r a t e d  by t h e  S t e i n b e r g  symbols  ( u , v ) ,  u , v « R *  
s u b j e c t  t o  t h e  s e v e n  d e f i n i n g  r e l a t i o n s
( SI )  ( u ju 2 , v ) = { u 1, v } ( U2 , v }
<S2) (u,  v) = I v . u ) ' 1
(S3 ) { u , -u  } = 1
(S4) ( u , l ~ u )  = 1, i f  1—u « R*
( S5 ) { v,  1 -pq v  } = | -  ( 1 - qv  ) ( 1- p > , ( 1 - pqv  ) ( 1- p )  ‘ 1 )
1 -  { 1-pv  ) ( 1- q ( 1 -pqv)  ( 1- q ) ' 1)
{S6 ) f - (  1 - q r  ) ( 1 - p )  ' 1, ( 1 - p q r  ) ( l - p ) ' 1]
( - ( 1  - p r  ) ( 1 - q ) ' 1, ( 1 - p q r  ) ( 1 - q ) " 1)
( - ( 1 - p q )  ( 1- r  J"1, ( 1 - p q r  ) ( 1 - r  )*M *= 1 
(S 7 ) {u 1, 1^-qu i } {u2 ( 1-qu | ) ‘1, [ l  + q( u 1+U2 ) ] ( l +qu f ) _1}
= t V), l  + q v | } { v^( 1 - qv  , [ l  + q( v ^ 2  ) ] { 1 + qv | ) }
f o r  a l l  p , q , r * P ,  u , v,  u 1, U2 , v 1, V2 ■ P* such  t h a t  Ui+U2 = V1+V2 » P
19
20
We w i l l  s ee  that ,  two r e l a t i o n s  may be o m i t t e d  by making u s e  of 
H o l s t e r ' s  more g e n e r a l  r e s u l t  f o r  l o c a l  r i n g s  IMK3] as  a p p l i e d  t c  
t h e  c a s e  of a commut a t ive  d i s c r e t e  v a l u a t i o n  r i n g ,  P I t  s t a t e s  
t h a t  i f  R i s  a DVR, t h e n
K2(R) 2D0(P) ,
where  Dq(R) i s  d e f i n e d  t o  be t h e  a b e l i a n  g r o u p  g e n e r a t e d  by {u,v} 
w i t h  u , v « R * .  s u b j e c t  t o  t h e  r e l a t i o n s
(VI)  ( u , 1 - u }  = 1
(V2) {uv,w|  = j v ,w} ju , w}
( V3 ) | u , v ) | v , u )  = 1 
( V4 ) ( u , - u  1 = 1
( V5 ) | u  | ,  1 +qu ]} f ( 1+u i q T ' u j ,  ( 1 + qu , ) *1 [ 1 + q ( u i + u 2 ) ) t
= i v , ,  1+qvjJ { ( 1+v |q ) ' ' v2, ( 1+qV] I '1 [ l+q( v |+v2 ) ] ) . 
where q « rad P, U| + u2 = V| + v 2 « r a d  P
H o l s t e r  p r o v e s  t h a t  t h i s  g r ou p ,  Dq(R) ,  i s  i s o m o r p h i c  t o  Dj ( P) ,  t h e
a b e l i a n  g r o u p  g e n e r a t e d  by D e n n i s - S t e m  symbols  ( a , b )  w i t h  
1 + a b t R * ,  s u b j e c t  t o  t h e  r e l a t i o n s
(R1 ) < a , b > < - b ,  - a >  = 1 
( R2 ) <(ay,b'> < b a , y >  = \ a , y b )
( P 4 ‘ ) < a |  + a 2, b  > = <. 6 a 2r 1, t  bf > < a j , b )  , f = l + ba,  8 = tf 1
We have  u s e d  h e r e  t h a t  R1-R4 a r e  e q u i v a l e n t  t o  R1- R3 , R4’ and t h a t  i n  
t h e  commu ta t i ve  c a s e ,
(R3) <. a , b )  < c,  d )  <( a ,  b )  = <( 0c(T1, 0dfT1 ^ , 0 = ( 1 +a b) ( 1+ ba ) " 1
i s  s i m p l y  a s t a t e m e n t  of  c o m m u t a t i v i t y  and  i s  t h u s  u n n e c e s s a r y  
{See C h a p t e r  I I I  f o r  t h e  more g e n e r a l  n o n - co m mu t a t i ve  v e r s i o n s  of
Dc(R) and D i ( P ) )
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I t  i s  c l e a r  i m m e d i a t e l y  t h a t  we have t h e  c o r r e s p o n d e n c e
SI = V2 
3 2  = V3  
S 3  = V4 
3 4  = VI  
S 7 = V5
be tween  t h e  r e l a t i o n s  of  D e n n i s - S t e i n  and  K o l s t e r ,  f rom which we 
i n f e r  t h a t  r e l a t i o n s  S5 ,S6  of  t h e  D e n n i s - S t e i n  p r e s e n t a t i o n  a r e  
c on s e q u e n c e s  of t h e  r e m a i n i n g  r e l a t i o n s  Thus,  we may r e s t a t e  
Theorem 4 1 as  f o l l o w s
(New)  T h e o r e m  4 . 2  I f  R i s  a commut a t ive  d i s c r e t e  v a l u a t i o n  r i n g  
w i t h  maximal  i d e a l  P = r a d  R, t h e n  K j l B J ^ S t R ) ,  t h e  a b e l i a n  g r o u p
g e n e r a t e d  by t h e  S t e i n b e r g  symbols  | u , v } ,  u , v « R *  s u b j e c t  t o  t h e
f i v e  d e f i n i n g  r e l a t i o n s
{ S I ) l u l u? ,  v) = (u] ,  v} {u 2 , v }
<S2) { u , v } = { v . u } ' 1
(S3 ) { u , - u } = 1
(34 ) ( u , 1—u } = 1, i f  1-u « P*
(S7) {u j, 1 + qu )} {u^f 1-qu i [ l  + q( u ] +U2 ) ] (1 + qu ] ) ' 1}
= { v i , 1 +qv 11 {v 2 ( 1 -qv  ) ) ' 1, [ l + q ( v |  + V2 ) 1 ( l +qv ^) ' 1}
f o r  a l l  p , q , r « P ,  u , v , u  ] , U2 , v j , V2 ■ R* such  t h a t  U)+U£ = vj+V2 « P
We now p r o c e e d  t o  show e x p l i c i t l y  how S5 and S6 a r e  c o n s e q u e n c e s  of 
r e l a t i o n s  S1 - S4 .S7  We i n t r o d u c e  t h e  map
¥ D0 (R)  ► D,(R)
d e f i n e d  on g e n e r a t o r s  by
¥ ( a , b )  ) = {1 +ab, b] i f  b « R*
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= { - a ,  1 + ba } i f  a » P *
= - ( 1+a ) { 1 — b )"1, -b^ >> i f  a , b « r a d  R
which i s  an i so mor ph i sm f o r  commut a t ive  d i s c r e t e  v a l u a t i o n  r i n g s
We n o t e  t h a t  U1 i s  an i so mo r ph i sm  f o r  any l o c a l  r i n g ,  R, even i f  R i s
non-commutat  i v e  [ MIC 3 ] However,  we have  s t a t e d  t h e  g r o u p s  Dq(R) and
D|{R) i n  t h e i r  commut a t ive  form f  i s  an i so mo r ph i sm m  t h e  
n o n - c o mmu t a t i v e  c a s e  on ly  i f  we a p p l y  i t  t o  t h e  more g e n e r a l
n o n - c o mm ut a t i ve  v e r s i o n s  of  Dq( R ) and  Dj(R) which  were p r e s e n t e d  i n
C h a p t e r  I I I
To s e e  d i r e c t l y  t h a t  S5 i s  a c o n s e qu en ce  of S 1- S4 . S7 ,  we w i l l  show 
t h e  f o l l o w i n g
S t e p  1 S1.S2 i m p l i e s  V(R2(*2 u n i t s ) ) ,  where R2(^2 u n i t s )  i s
t h e  r e l a t i o n  R2 u nd e r  t h e  c o n d i t i o n  t h a t  a t  l e a s t  two 
of a , b , y  a r e  u n i t s ,  and where  V(R2( i2  u n i t s ) )  i s  i t s  
image und er  V
S t e p  2 S 1 - S 4 , S7 i m p l i e s  V ( F 4 ' )
S t e p  3 R2(i*2 u n i t s ) ,  R 4 ' i m p l i e s  R 2 ( ^ 2 « r a d ) ,  so  t h a t
V(R2(*2 u n i t s ) } ,  V( R4 ' ) i m p l i e s  V( R2 ( 2  2 ■ r a d ) ) ,
where  R2{*2 « r a d )  i s  t h e  r e l a t i o n  R2 u nde r  t h e  c o n d i t i o n  t h a t  a t  
l e a s t  two of  a , b , y  a r e  i n  r a d  R Of c o u r s e ,  by e x h a u s t i o n ,  
R 2 ( i ; 2 w r a d )  and R2U2 u n i t s )  i mpl y  R2, and R2( i 2  ■ r a d )  i m p l i e s  t h e  
r e l a t i o n s  R 2 ( 2 « r a d )  and R 2 ( 3 « r a d )  as  s p e c i a l  c a s e s
and S t e p  4. ^ ( R 2 ( i 2  u n i t s ) )  i m p l i e s  S5
f rom which  we c o n c l u d e  t h a t  S5 i s  a c o n s e q u e n c e  of S1 -S4 . S7
We now proceed by proving  s t e p s  1-4
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S t e p  1: R e w r i t e  t h e  r e l a t i o n  R2 m  t h e  form
V - a y ,  -  b > \  - ba  , -y  3 (  -yb,  - a  > = 1 ,
and assume t h a t  a t  l e a s t  two of  a , b , y  a r e  u n i t s  
Then i t s  image under  ¥ i s
( a y , 1  + b a y } ( 1 + b a y , - y }{1 + y b a , - a }
so by ( S I ) ,
( a y , 1  + bay} = ( -y  ' a y , 1 + b a y } ( - y , 1  + b a y }
= ( - a , i +yfca}{- y , 1 +bay]
which  h o l d s  by (32)  Thus
S1.S2 i m p l i e s  ^ ( P 2 ( i 2  u n i t s ) )
as  d e s i r e d
S t e p  2 :  I f  b e P * ,  t h e n  F4 maps t o
1 l + ( a t+a2 ) b , b !  = I 1 + a }b, b } 1 1 + ( 1 + a , b ) ' ' a 2b, b } , 
so assume t h a t  b « r a d  R
D e f i n i t i o n  4 . 3  The n o t a t i o n  ^  i s  used  t o  d e n o t e  a S t e i n b e r g
symbol  as  f o l l o w s
<t)u,q^> = { u , l  + q u l ,  where  u « R * ,  q ■ r a d  R
We now b r e a k  S t e p  2 i n t o  f i v e  c a s e s  
Case 1 a | , a 2, a j+a2 ■ P*
Then R4' maps to
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<r - ( a ), -b)> = C - a  i , -b^>C-(  l + a jb) ^ . - b ^  
by t h e  f o l l o w i n g
C l a i a  4 . 4  <^ui+U2 , q ^  = €.u i , q ^ C (  1+U]q) ' ' u^ ,  q^>
i s  a co n se qu en ce  of  r e l a t i o n e  S1-S4,  f o r  a l l  u | , u ^ , u 1+U2 ■ P*
P r o o f  (of  c l a i m )  Let  o = l +u i q  Then
€ o ' ’u 2 , q >  = ( o ' ,U2 , l + q a ' 1U2 )
= ( 0 HU2 , 1 + 0 ' 1q u 2]
= l o ’ 1U2 , o " 1( l + q ( u  1 + U2 ) ) }
= {o. o " ,U2 ) ( o _1U2 , l  + q ( u  1+U2 ) 1 
= i d ,  u | } ( 0 ,u i ' 10 MU2 l {( f  5U2 , l + q (u  t+U2 ) }
by
{ u, vw} = { u , v | { u , w I 
which  i s  a d i r e c t  c o n s e q ue nc e  of SI  and S2 By SI ,  we s e e  t h a t  
Cui+U2 , q ^  = {u2 1d ( u i  + U2 ) , l + q f u ^ u j )  H<j" 'u2 , l + q (u i+U2 ) ) , 
so  i t  i s  l e f t  t o  s e e
( U2 ' ' o (  u |+u? ), l + q( u i + U2 )} = {d ,U|  ' 0  1U2 )
B u t ,
I -U2 " '<j( u 1+U2 ) = -U2 *'u | ( l+q(  u 1+U2 ) ),
so
{u2 ",0 (u ]+U2 ) , l + q ( u  i +u 2 ) ) = 1 U2 ~'o( u 1+ u? ), -u  *U2 )
= ( U2 _10 u *u i*’( u 1+U2 ), - u  | ’ ' u g ) 
= i U2 *Ou j , -u  | ' u 2 }
= 1 -u I*'u2 , u t",o " 1U2 (
2S
We f i n i s h  proving the c l a i m by n o t i n g  that  
{ -u i ' lU2 , ' u r ,0 *1U2 l = l - u j u f ' . o ’ M
=  { 0 , - U 2 U | " 1 }
□
Case 2 a | , a 2 * P * ,  a i  + a ^ ^ r a d  P
Because  { l , u }  = 1 and  l + v^q = V2 , we have
<t( l + v ^  )"1V2 ,q)> = 1 ,
where  we have  ch os en  v 1 = ( u |+ U2~ 1 ) ( l + q ) V2 = ( 1+(u ] +U2 ) q ) ( l + q ) 
so  t h a t  v i , v ^ e P *  and v ^4 V2 = tM + u;- 
Then,  by S7,  we may c o n c l u d e  t h a t
<tu i , q2-''f( l +u iq ) 'u2 ,q V = C ( u | + U2~ 1 ) ( 1 + q ) 1 , q ^ \
i f  q, U)+U2 * r a d  P From t h i s ,  cas e  2 f o l l o w s
Case 3 a 1 « R*, a 2 ■ r ad  P
We want
<?.- ( a j+a2 ) - -b/> = C - a  i , -b5><i-( 1 +( 1 + a ]b) ’a 2 ) ( 1 - b )  , - b ^
Let  U| = - a j ,  U2 = -  ( 1 + a j b  + a ? ) ( 1 - b ) "' ,  V| = — ( 1—b ) ”1,
V2 = - (  a i+S2 ) ( 1 -b)  ’ ’ Then,  u s i n g  t h a t  1 + ( 1 + a |b)  " ^ 2  =
( 1 +a i b ) _1( 1 +a | b +a o ) and U)+U2 = V)+V2 = - ( 1 +a i+a2 ) ( 1- b ) _1, we g e t  by 
a p p l y i n g  f i r s t  S7 and t h e n  S3 t o  t h e  r i g h t  hand s i d e ,
<^-a | , - b ^ C - f  1 + ( 1 + a 5b)  ~]a 2 ) ( 1- b ) " ' ,  - b X
= < - (  1 - b ) " 1, - b > < t - (  1 - b ) {a 1 + a ^ ) ( l - b ) * * , - b >
= <t- ( a i+a2 ), - b >
Case 4 a |  * rad P, a 2 * P*
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We have t o  show
<t~( a i+a'-), - b >  = <t~ ( 1 + a i ) ( 1 - b ) ' ’ , -b^><v-( 1 +a i b T ’a?,  - b >
Let u i  = - ( 1+a i ) ( 1 - b ) ' 1, u 2 = - a 2 ( l - b ) " '  t hen
U|+u2 = - ( 1  +a i +a2 K 1 - b ) " 1 and t h e  r i g h t  hand s i d e  e q u a l s
<u t , - b > C l - u  i b r ’u2 , - b » ,
and cas e  4 f o l l o w s  as  i n  c a s e  3
Case 5 a | , a 2 ■ r a d  R 
We have t o  show
<?-( 1 +a i *■ a 2 ) ( l - b ) " ' , - b ^
= i ' - {  1 + a | )( l - b r ' . - b K - f  1 +a , b ) 1 ( l + a }b+a2 )< 1-b) 1, - b  V
Let U| = -( 1 + a i ) ( 1 - b )"' ,  u 2 = - ( 1 +a ib+a2 ) ( 1 - b ) v j  = - ( 1 - b ) ' 1, 
v 2 = - (  1+a j +a2 } ( l - b ) ~ ? , and we a r e  done by a p p l y i n g  S7 a g a i n
Thus,  R4 i s  a consequence  of r e l a t i o n s  S1-S4,S7 
We now c o n t i n u e  w i t h  our  f ou r  mam s t e p s  
Step 3: By R4 ' , we s ee  t h a t
< - a y , - b >  = < - a ,  - b >  <( ( 1+ab] _,a( 1- y ), - b >
< - b a , - y >  = < -ba ,  ( 1 + a b ) _1 ( 1- y ) > < - b a , - 1  >
<C-yb,-a> = < -b ,  - a >  <( ( 1+ a b ) ( 1- y  )b,  - a  >
Let u = - ( 1+ab) **( 1 - y ) Then u ■ R* and by R3 (which i s  a consequence  
of V6 ) we can r e w r i t e  t h e  r e l a t i o n  R 2 ( i 2 « r a d )  as
- a u .  —b )  <C - b a ,  - u - u b ,  —a -a , -b^> <( - b a , - 1  ^ -b ,  - a  -  1
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Thus we h&ve a p r o d u c t  of  two r e l a t i o n s  of t y p e  R2(*2 u n i t s ) ,  so  we 
have s e e n  t h a t  R2( i2  u n i t s ) ,  R4 ' i m p l i e s  R2( i2  e r a d )  i n  t h e  p r e s e n c e  
of S 1- S4 . S7 ,  and so
V(R2 ( * 2  u n i t s }),  V( R4 ' )  i m p l i e s  R2 ( * 2  ■ r a d ) ) ,
as  d e s i r e d
Step 4: We c o n c l u d e  by showing t h a t  R2( i 2  ■ r a d )) i m p l i e s  S5
Let  a « R ,  and b , y « P  = r a d  R Then t h e  r e l a t i o n  R2 may be e x p r e s s e d
as
1 = - a y , - b >  < - b a ,  - y  )  - y b , - a  > ,
which maps under  V t o
1 = { - ( 1- a y ) ( 1 + b) 1, l - (  l  + b) ‘ 1 ( 1 - a y  )bj
( - (  1- b a  ) ( 1 + y ) l - (  1 +y) _,( 1- b a  )y) ( 1 +yba,  - a  1
i  e
( - a , l + y b a |  = { - ( 1- a y ) ( 1 +b)"1, (  1 + b ) ' 1 ( 1 + b a y )}
l - (  l - b a ) (  l + y ) ' 1, { l + y T ’ t 1 + y b a ) )
so w i t h  v = - l ,  p=-b,  q= -y ,  we g e t
i v ,  1 -pqv)  = {-(  1 - q v )  ( 1 - p ) ' 1, ( 1 - pq v)  ( 1 - p ) * 1}
{ -{ 1- p v )  ( 1- q ) ' 1, ( 1- p q v )  ( 1 - q  ) 1}
wh ich  i s  j u s t  S5
Th i s  shows d i r e c t l y  t h a t  S5 i s  a c o n s e q u e n c e  of  S1 -S4 , S7  We s e e  
t h a t  S 6 i s  a c o n s e q u e n c e  of  S1 - S4 ,S7  by n o t i n g  t h a t  V ( R 2 ( 3 » r a d } )  
i m p l i e s  S6
Let  a , b , y e P  Then R 2 ( 3 « s r a d )  maps under  W t o
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1 = €~(  1- a y  ) { l + b ) ' 1, b^<^- ( 1 - ba  ) ( 1 + y ) *1, y ^ C -  ( 1-y b )  ( 1 + a ) ’ 1, a^>
i  e
1 = { -  ( 1- a y ) ( l + b ) ' 1, l - (  l+b)  ’ ’ ( 1 - a y  )b}
i -  ( 1- b a  ) ( 1 +y ) ‘ 1, l - (  1 + y ) ' 1 ( 1 - ba  )y)
{ -  ( 1- yb ]  ( 1 +a )"1, 1 - ( 1 - y b )  ( 1 +a ) _1a }
so w i t h  q = - y , r = - a , p=-b  we ge t
i v ,  1-pqv]  = 1 - (  1 -qv )( 1 - p ) " 1, ( 1 - p q v )  ( 1 - p ) ' 1 f
i - ( 1- p v ) ( 1- q ) 1, ( 1 - p q v )( 1 - q ) ! )
which  i s  S 6 , a s  d e s i r e d
We n o t e  t h a t  t h e  c o m p u t a t i o n s  done h e r e  c o n c e r n i n g  t h e  r e du n da nc y  of 
t h e  D e n n i s - S t e i n  r e l a t i o n s  f o r  a d i s c r e t e  v a l u a t i o n  r i n g  a r e  no t  
o r i g i n a l ,  and a l s o  p l a y s  a r o l e  i n  K o l s t e r ' s  d e t e r m i n a t i o n  of Kj(R) 
f o r  n o t - n e c e s s a r i l y  commut a t ive  l o c a l  r i n g s
CHAPTER T:  On a  N o r u l  F o r a  f o r  S e m i l o o a l  R i n g s
In K o l s t e r  s c a l c u l a t i o n  of {R ) f o r  l o c a l  r i n g s  ( n o t  n e c e s s a r i l y  
c o m m u t a t i v e ) ,  t h e  normal  form
x = p 2h ( u 2 ) w(v) x2 ( c ) x | ( d )
where  p£ i s  i n  t h e  image of  (2,  R ) i n  S t | ‘ ( 2 , R ) ,  u ^ - R * ,  c , d , v * R ,  
and we u s e  t h e  c o n v e n t i o n  w( 0 ) = 1
The d i s c o v e r y  of a normal  form f o r  e l e m e n t s  of t h e  S t e i n b e r g  g r ou p  
i s  a c r u c i a l  s t e p  i n  t h e  c a l c u l a t i o n  of K^tR),  so  i t  i s  n a t u r a l  t o  
a s k  i f  t h e  above normal  form h o l d s  i n  t h e  more g e n e r a l  c a s e  of 
semi  l o c a l  r i n g s  T h i s  would be a p o s i t i v e  s t e p  t o wa r ds  t h e  
c o m p u t a t i o n  of  ^ ( R )  f o r  s e m i l o c a l  r i n g s  m  t er ms  of t h e  s t a n d a r d  
D e n n i s - S t e m  symbols
We show by c o u n t e r e x a m p l e ,  t h a t  K o l s t e r  s p r e s e n t a t i o n  f o r  t h e  l o c a l  
c a s e  does  n o t  a p p l y  a l s o  t h e  t h e  commuta t ive  s e m i l o c a l  c a s e  We 
b e g i n  by n o t i n g  t h a t  any e l ement  x « S t ( 2 , P ) ,  where  R i s  commut a t ive  
s e m i l o c a l ,  may be w r i t t e n  i n  t h e  normal  form
x = p i h ( u 1 )X2 ( t ) x t ( a )x ^( b)
where  pi * K2 ( 2, R), u « R*, a ,  b , t  « R [KK2 j T h u s , t h e  same 
p r e s e n t a t i o n  h o l d s  f o r  t h e  q u o t i e n t  g ro up ,  S t ( ' ( 2 , R )
Suppose  any e l em en t  x « S t ( 2 , R )  c o u l d  be w r i t t e n  m  t h e  d e s i r e d  
norma l  form
x = p 2h(u?)w(  v ) x 2 ( c ) x , ( d )
where  p^ i s  i n  t h e  image of  (2,  R ) i n  St-j '  ( 2 , P ) ,  u;?«R*,  o , d , v « R ,  
and  we u s e  t h e  c o n v e n t i o n  w(0) := 1 Then t h e r e  would be s o l u t i o n s  
t o  t h e  c o r r e s p o n d i n g  m a t r i x  e q u a t i o n s  under  t h e  S t e i n b e r g  map
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On t h e  one hand,  we have t h e  known normal  form
p l h ( u  i ) x 2 ( t  )x , ( a  )x^( b)
which  r e p r e s e n t s  a l l  e l e m e n t s  of t h e  m o d i f i e d  S t e i n b e r g  g r o up ,  and 
has  t h e  image
f u i { 1 +ab) a
t u ] " ' ( b +1 { 1 +ab) ) 1 +at
a t  matrix  l e v e l  On the  o t he r  hand, we have the a l t e r n a t i v e  normal  
form
p^h( U2 ) w ( v ) x t ( c >x ( d ) 
which has t h e  image
u^cv ua( 1 + cd )v>
-uo 'v' 1 -Uo 'dv"1\ *- *- /
u j  U2d 1
u ? ' c u 2 ' ( l + cc*) i
We now s e e  t h a t  P2h{u;>)w( v ) x 2 ( c ) x  ) (d)  c a nn o t  be a normal  form f o r  t h e  
commu ta t i ve  s e m i l o c a l  r i n g  Z / 6 Z b e c a u s e  t h e r e  a r e  no v a l u e s  f o r  
U2 , c , d , v  i n  Z / 6 Z s u c h  t h a t
/ 2 1 " f u 2CV U2 ( 1 + c d )v'
, 3  2 , = l - u . - v -U2 ldv 1 ,
i f  v
i f  v * 0
i f  v = 0
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( 2 1 u u^'d
oi 3 2 U2 1 ( l ^ c d ) i f  v =■ 0
In  t h e  f i r s t  c a s e  ( v^O), ire have  3 = -U2V and 2 = ( - u ^ v ) ,  so 2 = 3d
But 3d * 0 or  3 (mod 6 ), so  t h i s  i s  i m p o s s i b l e
For t h e  s ec on d  c a s e  (v=0) ,  we have 2 =■ u? and  3 = U2C, so  3 = 2c
But 2c = 0, 2, or 4 (mod 6 ), so  t h i s  i s  i m p o s s i b l e
( I n  f a c t ,  by computer  a n a l y s i s ,  we f i n d  t h a t  t h e r e  a r e  64 examples  
of  c o e f f i c i e n t s  a , b , t , u  f o r  which  t h e  c o r r e s p o n d i n g  m a t r i x  l e v e l  
e q u a t i o n s  a r e  u n s o l v a b l e  over  Z / 6 Z . )
Thus,  we c o n c l u d e  t h a t  K o l s t e r ' s  norma l  form f o r  l o c a l  r i n g s  does  
n o t  a p p l y  more g e n e r a l l y  t o  t h e  ( even  commut a t i ve )  s e m i l o c a l  c a s e
CHAPTER V I :  On t h e  R e l a t i v e  K? o f  H o n - C o a a u t a t i v e  R i n g s
In  t h i s  c h a p t e r ,  we p r e s e n t  our  main theorem,  which  i s  an e x t e n s i o n  
of t h e  M a a z e n - S t i e n s t r a  p r e s e n t a t i o n  of  K;>(R,I) of  a commuta t ive  
r i n g  r e l a t i v e  t o  a s p l i t  r a d i c a l  p a i r  We r e t a i n  t h e  a s s u m p t i o n
t h a t  t h e  map F ---- * R/ I  s p l i t s ,  but  now a l l o w  t h e  r i n g ,  R, t o  be
no n -c om mu ta t i v e  The r e l a t i v e  e a s e  w i t h  which e l e m e n t s  of  t h e  
S t e i n b e r g  g r o u p  may be m a n i p u l a t e d  m  t h e  commut a t ive  c a s e  has 
f o r c e d  most  c o m p u t a t i o n s  of  t o  be done f i r s t  i n  t h e  c ommut a t ive
c a s e  The d e t e r m i n a t i o n  of  depend s  h e a v i l y  on f i n d i n g  enough
r e l a t i o n s  i n  t h e  S t e i n b e r g  g r o u p  t o  be a b l e  t o  f i r s t  f i n d  a normal  
form f o r  t h e  e l e m e n t s  of  i n t e r e s t  i n  t h e  S t e i n b e r g  gr oup ,  ana  t hen  
f i n d i n g  enough r e l a t i o n s  among t h e  g e n e r a t o r s  of  Kj t o  p r o v e  t h e  
d e s i r e d  r e s u l t  I t  i s  t h e s e  r e l a t i o n s  which n e c e s s a r i l y  become more 
i n t r i c a t e  m  t h e  n on - c o m m u t a t i v e  c a s e  O f t e n ,  a s  we saw even i n  t h e  
commuta t ive  c a s e  of  t h e  D e n n i s - S t e m  p r e s e n t a t i o n  of a d i s c r e t e  
v a l u a t i o n  r i n g ,  t h e  l i s t  of r e l a t i o n s  among g e n e r a t o r s  may be 
r e d u n d a n t ,  but  l a t e r  l e a d  t o  a r e f i n e d  r e s u l t  (We saw, i n  C ha p t e r  
IV, u s i n g  some of t h e  c o m p u t a t i o n a l  methods  of  K o l s t e r  [MK3], t h a t  
two of t h e  D e n n i s - S t e i n  r e l a t i o n s  a r e  r e d u n d a n t  )
Here ,  a s  i n  most e x t e n s i o n s  t o  t h e  n o n - c o mm ut a t i v e  c a s e ,  t h e  
c o m p l e x i t y  of  c o m p u t a t i o n s  grows e no r mo us l y  But ,  i n  our  p r o o f  of 
t h e  main theorem,  we h ave  b ee n  a b l e  t o  c o n f i n e  t h e  n e c e s s a r i l y  
e x t e n s i v e  c o m p u t a t i o n s  t o  a r o l e  which has  v e r y  l i t t l e  e f f e c t  on t h e  
s t r u c t u r e  of  t h e  p r o o f  T h i s  r o l e  of  t h e  c o m p u t a t i o n s  i s  one of  t h e  
f a c t o r s  which  l e a d  us  t o  b e l i e v e  t h a t  our  a s s u m p t i o n  t h a t  R i s  l o c a l  
may not  be c r u c i a l  I n  f a c t ,  we e x p e c t  t h a t  ou r  p r o o f  w i l l  
n a t u r a l l y  l e a d  t o  a d e t e r m i n a t i o n  of  t h e  r e l a t i v e  Kj of  any  r i n g  
r e l a t i v e  t o  any r a d i c a l  i d e a l
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One v e r y  p l e a s i n g  e f f e c t  we g a m  by l i m i t i n g  c o m p u t a t i o n s  t o  a n o n -  
s t r u c t u r a l  r o l e  i n  t h e  p r o o f ,  i s  t h a t  i n  t h e  m i d s t  o f  an  i n c r e a s e  i n  
c o m p u t a t i o n a l  c o m p l e x i t y ,  t h e  p r o o f  n a t u r a l l y  r e v e a l s  i n  t h e  normal  
form ,  a more e x p l i c i t  v i e w  o f  t h e  s t r u c t u r e  o f  e l e m e n t s  i n  t h e  
r e l a t i v e  K2 , p o s s i b l y  f a c i l i t a t i n g  o t h e r  r e s u l t s  c o n c e r n i n g  t h e  
r e l a t i v e  and a b s o l u t e  K2 o f  n o n - c o n a n u t a t i v e  ( n o t  n e c e s s a r i l y  
c o m m u t a t i v e )  r i n g s
The i d e a  o f  our p r o o f  i s  t o  f i n d  a n orm al  form  f o r  e l e m e n t s  i n
k e r  [ S t ' ( 2 . R )  -----► S t ' ( 2 , R / I ) ]
and t o  p r o v e  t h a t  e v e r y  e l e m e n t  i n  t h i s  k e r n e l  c a n  b e  r e p r e s e n t e d
u n i q u e l y  by  t h e  norm al  form T h i s  i s  d o n e  by c r e a t i n g  a g r o u p ,  
w h o s e  im age  i n  S t ( 2 , R )  i s  i s o m o r p h i c  t o  t h i s  k e r n e l ,  and w h ic h  
c o n s i s t s  o n l y  o f  e l e m e n t s  e x p r e s s i b l e  i n  t h e  normal form
A f t e r  p r o v i n g  t h a t  t h i s  n orm al  form h o l d s ,  we form  a d i r e c t  p r o d u c t
S t ( 2 , R / I ) W . ^ ,  w here  S t  ( 2 , R / I )  a c t s  on by c o n j u g a t i o n  By
e x p l i c i t l y  d e m o n s t r a t i n g  an i s o m o r p h i s m
X  S t ( 2 , R / I ) 5 T U  — > S t  ’ ( 2 ,  R )
and i t s  i n v e r s e ,  V, we can  t h e n  r e s t r i c t  V t o
k e r ( S t ’ ( 2 , R) -----> S t  ( 2 , R / I ) ]
t o  g e t  an i s o m o r p h i s m
k e r  [ S t ' ( 2 , R ) -----► S t ' ( 2 , R / I ) ]  a %  *  .
By u n i q u e n e s s  o f  t h e  norm al  form,  and  a s t a b i l i t y  t h e o r e m  d u e  t o
K o l s t e r ,  we s e e  t h a t  t h i s  i m p l i e s  t h e  e x a c t n e s s  o f
1 -----> K2 ( R , I )   » D*( R, I ) -----► [ R*, 1 + 1 ]  -----» 1,
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w h e r e  D* ( R , I )  i s  a g r o u p  g e n e r a t e d  by D e n n i s - S t e i n  s y m b o l s  and  
s u b j e c t  t o  t h e  18 r e l a t i o n s  l i s t e d  i n  t h e  s t a t e m e n t  o f  t h e  t h e o r e m
Theorem 6.1 L e t  R be a l o o a 1 r i n g  (a s s o c i a t i v e  w i t h  1), n o t
n e c e s s a r i l y  c o m m u t a t i v e  L et  ( R , I )  b e  a s p l i t  p a i r ,  i . e .  l e t  I be  a
t w o - s i d e d  p r o p e r  i d e a l  i n  R, and l e t  t h e  c a n o n i c a l  p r o j e c t i o n
R — » R /I  s p l i t  Then t h e  f o l l o w i n g  s e q u e n c e  i s  e x a c t
1 -------- ► K2 (R. I )  -------- ► DMR. I J   » [ R*, l + I  ] ----------- > 1 ,
w h e r e  D+ ( R, I )  i s  t h e  g r o u p  g e n e r a t e d  by t h e  s y m b o l s  <Ca,b)> w i t h  a « l
or  b « I ,  and s u b j e c t  t o  t h e  d e f i n i n g  r e l a t i o n s
( 1 ) < a ,  b >  < - b ,  - a  > = 1
( 2 ) < a y , b > < b a , y >  = < a , y b >
( 3 )  < a , b >  < c , d >  < a , b > *  = < 0O0-) Bd#' >
(4) < a i + a 2 , b >  = < 0"a2c ~,1 ?be '1 > < a  ), b)>
( 5 )  < a + b , c >  = < b , c > < 0 2‘ 1a f 2*, , f 2 ^ 2 ' , > l f 3 f ^ 3 * r 3 ) { f 2 ^ 3 t
( 6 ) < a ,  b + c >  = < a , b >  < e 5E5 ' la , o £ 5 ' , > l f 6e 5t ^ , f  g) { e 5 , f 6 }
( 7 )  1 = { £5 , u ) < b u ( u ?5 J*1, uf  g u ' e g ' a f  5 > { 0g"’ C9 , ?g"1} { -Cg~1 , - u f  5 )
( - u f g t g  1 , - t g ]  { - f  0 U ?  5 t g  1 ) ( ~ 9  ’ , - 1 }
( 8 )  <^a, b)> <  65 ' c ,  d 0 s  y  = ^ o ,  d >  t ) a ,  b f  n * ' > { f  3()C ) | ^ 3 0 * ^ 3oJ
( 9 ) i - U V , - v " ' l  i - v ‘ ' u , z l  = < - u ' ’v 2 ( z ' ’ + l  Ju’ ^ u f v Z  j ’u )  {C )<(,? '*}
{ -f , -u} {-uc h  1 - 13ut 14 ’z ’v  ^ ( z ’v ) ' H v 'zf 13UE 14 ' - - 1 1
( 1 0 ) { - u v ,  - v ' 1}{ - v ‘ 1u , - 1 } ( - v * ' u z ,  - z ' 1) «= < -u" *v(  z - 1  )u"*, - u v _' u )
i 0 !6"'f 16- f 16"') ( 16"' *"u l f - u t I6_1 , - f  )6 H - f  15ue t6_ *z v ' “ ( zv  ) 1 ]
( 1 1 ) (u ,  v ) ( - v u z ,  - z ' 1) = < u ”1 ( 1 + v )u"’ , - u v ‘ ’u )  f 0 1 g"1 f 19, C 19'1} { -c i 9~* , - u )
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1 - u e  ) 9 ' ’ , - £  , g}  < - U 2 ' ,v ‘ , ( z - l ) u 2 ‘ 1, - U 2 V u 2 > { 0 1 € 19, f  , 9 * ’ !
{  - t  19 1 , - u 2 l ( -ujt f  )g 1 , - f  19} f ~£ 17u 2£ 19 *z v  *- - v z  * 1
( 1 2 )  ( u ,  v )  { - v u z ,  - z * ' }  = < u v (  1+2 ) ,  - z " ’v u ‘ ’ >  {£ 13UC~|3, ) ( u ,  - z ~ ' v }
( 1 3 ) f -UV, -V*1) <C ( V*1U ) ( l + z } , - z ’ ’u ' ’v/> ( - z *  ’v * ’u z ,  - z ) ( - v ’u , z ’ 1}
= < - u ‘ ' v ( z - l ) u * 1, - u v * ’u >  { 01s ' 11 16- f 16*' i f - £ 16 1 , - u } | - u e  i e "1 - 161
[ -£ 15UC i6*’zv ,  - ( z v ) ' 1}
( 1 4 ) ( - u v ,  - v " ’ } < - v ' ’u a ,  - b u '  ’v >  ( - f  5 v " ’u£ s , ^ }
= ■(a2 , b 2 ) | 0 2 4  1 f p4- f 2-4 ' H - C 2 4  ’ , - u ] ( - u t 2  ^ ' , - f  24!
< - u 3 ' 0 2O 1 ( l ~ f  2 0 ) u 3 _ u 3^20 10 2 OU 3 ^ 1 #28  ' £ 2 8 ' £ 2 8  11
( - c2b' 1 , -U 3H -U 3£28" '  . - f 28 f ^ u 4 'E20 ' ( - v - 1 )u4*’ , u *  20u 4>
i ®32 1 f 32  ^f 32 * H - c  32 1 . - i m H - u ^ ? ' 1 , “£ 32!
< u 6 ' vt  20 1 ( 20~ 1 ) u 6 , . U 6C20VU6 '> f ^36 ' f 3 6 - £ 3 6  ')
( -£ 36*' - - u 6 1 f ~U6C 36 * - ~£36H _ u 5  ^5 ^  20 1 - ~ ^ 5 ^  20 M M
( 1 5 ) ( u ,  v }  < - ( v u  ) ' a (  v u  ) ’ , - v u b v u  > ( 6 4 4 ’ 1 f  44,  £ 4 4 ’ 5} ( - £ 4 4 ’ ' , - v u  }
( -VUE44 ' , - £ 4 4 }
= < - u v  ’a v ' 1, - v b v u ' 1 >  ( f  4 3 U C  4 3 ,  £ 4 3 } < u 0 4 3 _ 1 ( 1 - f  4 3 ) ,  C 4 3 ' 1 0 4 3 U  , >
{ f  44UE 44,  £ 44} *( "UE43 1 ( - v - 1 ) ,  -E43U ’ )> { f  45Ut 45,  £ 45)
< u v £ 4 3 * '  ( f  4 3 + I ) ,  -E43v u M> ( f  4 6 UC  4 6 - e " - ^ }  ( u , f  5 V E 4 3 * 1 )
( 1 6 ) < u v ( z - l ) , v * , u " ' >  { e i 5 U C * i 5 , r i 5 H u , z v ]  = { u , v |  ( v u , z )
( 1 7 ) ( u , - 1 ) ( u v ,  - v " ’ ) = <Cu'’ ( v - 1  ) u " ’ , u 2 > { 0 4 ) * ’ u v u ’ 1, u v " ’u * ’ ) ( - u * ’v ’ ’u , - u )
( - v " ’u , - u v u * ’ ) ( UV,  V~’ }
( 1 6 ) < ( ua u ,  u ’b u ”1 )>  ( u " ’f u , u )  { f u f  , c ~ 1 } -  < ( u ' ’a u " ’ , u b u > ( 047  ’ £ 4 7 , £ 4 7  ’ }
[  - £ 4 7 * ’ ,  - u l  I - U E 4 7 " ’ , - £ 4 7 )  <  - U 7 " ’ 0 5 * , £ 5 ( e 5 * , - l ) u 7 " ' ,  - u y f  6 5 * ^ 5 ) ~ ' u y  >
( 049  '  £  4 9 < £ 49  ' H  ” £ 4 9  ’ , - U 7 )  { - U 7 C 4 9  ' , - £ 4 9 }
^ u 8 *t 5 ' , ( £ 5 + l  )u 8 * '  “ u 8t 5u 6 > f ^51 ~11 1—c 51 ”’ * - u 8 l
i “u8£5 1 ' ' “£51 Mugfis 6 5 }
where
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£2 = l 4 ( b ) ( c ), £ 3 = tC2_1af 2
£ 4  = 1 4 ( a ) ( b+c ), £ = € 5  = l 4 ( a ) ( b ) ,  £e = l  + U s ^ a H c )
£g = l  + ( - u f  gbu) ( - u ' 1£5 ' ,a u ' 1) ,  £g = l + f b u f u f s )*1 K u f g u ^ t s ' W s )
£11 = l + ( c ) ( d ) ,  £12 = l  + (05  * c ) ( d 0 5 )
013 = l v , z ' 1] ,  £ 14 = 14 ( - u " ’v (  1 +z ) u~’ ) { u ( v z  )"'u )
015 = [ v , z ] ,  £ \ g = l * ( u " 1v ( z - l ) u ' ' ) ( u v " lu)
017 = (v~’ , z ] ,  £19 = 1 + ( - u "1 ( l + v ) u ' 1) ( u v ‘ ,u ),
£19 = l + ( u 2 tv" , ( z - l ) u 2 , } ( u 2VU2 ),  and U2 = £38u C 19
£20 = l +( - v  ^av M f - v b v ) ,  0 2 i = 0~2O*2OE2O< $22 = lc20 ' ' VJ
023 = [vC2o c24 = l 4 ( a 2 ) ( b 2 ) ,  025 = 0 2 4 E24E24' 026 = lc24 *
027 = tu£2^’ ’ . £ 24! - E 28 = l  + ( u 3 '^20  '( J~ ^20)u 3 1 H u 3^20 102OU3 ^
029 = ®28E 28E28' 030 = E£28 ' ' u 3l* 031 = [U3E28 ’ *f 28^
£ 3 2  = l + ( u 4  ’c2 0  1 ( - v - 1  ) u ^ ' ' ) ( u ^ £ 2 0 U4 ) . 6 3 3  = 0*32£ 3 2 E32* 0 3 4  = f t32 * ^ 4 ]
035  “  lu 4 £ 32 1 ' f 3 2 ^  E36 = 1 + ( u 6 t v £ 2 0 *1 ( 2 0 " 1 ) u 6  1 ) ( u 0 t 2 o u e )
037  = 0 36 E 3 6 E 36'  038 = (£ 36 ’ ' u 6 ^  039 *  l u 6 e 36 ' - f  361
0 4 0 =  tu5 f 11v£2 0 1' ( f 11VE20 1 )"' J *
u 3 = £20u e 24- u 4 = f 21u 3E28- u 5 = e 23u 6E36 t ' u 6 = f 22u 4 E32'' 
a 2 = u"1v ' 1a v ' ’u 1, b 2 = uvbvu  
041 = u ’ 1v u ^ v u ’ 1
£42 = l 4 ( ( vu T ’a ( vu )"’ ) ( vubvu ) ,  C43 ■= 1 + ( v " ' a v " ' ) (v b v  },
044 = (043 ' £ 43 , £ 43' ' ] ,  045 = U 43 1 , v ]  , 645 = [ ^ 43" ' , £ 43)
and { u , v }  means  < u ( v - l ) , u _ , i> .
B e f o r e  p r o v i n g  t h e  th e o r e m ,  we p r e s e n t  some comments
I n  t h e  e x a c t  s e q u e n c e  o f  t h e  th e o r e m ,  t h e  i n c l u s i o n  map i s  t h e  
o b v i o u s  map d e f i n e d  on g e n e r a t o r s  a s
K2(R,I> — ► D*(R,I)
< a , b >  -----► < a , b >
The s eco nd  map i s  e s s e n t i a l l y  t h e  S t e i n b e r g  map, and maps t h e  symbol  
<^a,b)> t o  t h e  1 , 1  e n t r y  of i t s  image i n  t h e  e l e m e n t a r y  g ro u p ,  namely 
t h e  e l em en t  0 = £ £ 1 The commuta tor  s u b g r o u p  which i s  t h e  image of
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t h e  s e c o n d  map, i s  r e l a t e d  t o  t h e  c o r r e s p o n d e n c e  b e t w e e n  
D e n n i s - S t e i n  s y m b o l s  and S t e i n b e r g  s y m b o l s .  In  p a r t i c u l a r ,  i n  a 
l o c a l  r i n g ,  we may w r i t e  t h e  sym bo l  <^a,b)> a s  a S t e i n b e r g  sym bo l  a s  
f o l l o w s :
< a , b >  = {1+ab, b } , i f  b  ■ R*
= { - a , 1  + b a },  i f  a * R*
= < - ( l + a ) ( l - b ) ' ' , - b » ,  i f  a,  b  ■ Rad R
R e c a l l  t h a t  u n d e r  t h e  S t e i n b e r g  map, { u , v }  maps t o  t h e  m a t r i x  w i t h  
[ u , v ]  i n  t h e  1 , 1  p o s i t i o n  T h u s ,  by t h e  c o r r e s p o n d e n c e  b e t w e e n  
D e n n i s - S t e i n  and S t e i n b e r g  s y m b o l s ,  t h e  1 , 1  e l e m e n t  o f  t h e  image  of  
a D e n n i s - S t e i n  s y m b o l  i s  a l s o  t h e  1 , 1  e l e m e n t  o f  t h e  im age  o f  a 
S t e i n b e r g  s y m b o l ,  w h i c h  i s  a c o m m u ta to r .  When we r e q u i r e  t h a t  
e i t h e r  a or  b i s  i n  I ,  t h e n  i t  i s  e a s y  t o  s e e  t h a t  t h i s  commutator  
i s  a l s o  i n  [ R * , l  + I ]  The map i s  c l e a r l y  s u r j e c t i v e  b e c a u s e  any  
p r o d u c t  o f  c o m m u ta to r s
I l [ f t j , l * i j ]  « [ R*, 1 + 1 ]
h a s  t h e  p r o d u c t
I K  a j i ,  1 > ■ D+ ( R, I )
a s  a p r e i m a g e
I n  t h e  c a s e  t h a t  R i s  n o n m u t a t i v e . Theorem 6 . 1  r e d u c e s  t o  t h e  
M a a z e n - S t i e n s t r a  p r e s e n t a t i o n  f o r  K? o f  s p l i t  r a d i c a l  p a i r s ,  a p p l i e d  
t o  a l o c a l  r i n g  We, o f  c o u r s e ,  u s e  t h e  o b v i o u s  f a c t  t h a t  a p r o p e r  
i d e a l  i n  a l o c a l  r i n g  i s  n e c e s s a r i l y  a r a d i c a l  i d e a l .  The r e l a t i o n s  
D1-D3 o f  M a a z e n - S t i e n s t r a ' s  p r e s e n t a t i o n  c o r r e s p o n d  t o  r e l a t i o n s  1 - 3  
i n  Theorem 6 1, and r e l a t i o n  4 g u a r a n t e e s  t h a t  t h e  g r o u p  g e n e r a t e d  
i s  a b e l i a n  The e x a c t  s e q u e n c e  b ecom es  a i s o m o r p h i s m  b e c a u s e  
[ R * , l + I ]  = 1 i n  t h e  c o n m u t a t i v e  c a s e  The r e l a t i o n s  5 - 1 8  o b v i o u s l y  
h o l d  i n  K2 (R, I )  b e c a u s e  t h e y  a r e  d i r e c t  c o n s e q u e n c e s  o f  f u n d a m e n t a l
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i d e n t i t i e s  i n  S t ' ( R ,  I )  But i n  t h e  c o n m u t a t i v e  c a s e ,  t h e s e  
r e l a t i o n s  a r e  n e c e s s a r i l y  o o n s e q u e n o e s  o f  r e l a t i o n s  1 - 4 ,  s o  we h a v e ,  
a s  e x p e c t e d ,  t h e  f o l l o w i n g  r e s t a t e m e n t  o f  M a a z e n - S t i e n s t r a ’ s r e s u l t ,  
f o r  a c o m m u t a t i v e  l o c a l  r i n g
Corollary 6.2: I f  ( R , I )  i s  a s p l i t  r a d i c a l  p a i r  i n  a l o c a l  r i n g ,
R, t h e n ,
6 D(R,  I )  » K2 ( R , I )
i s  an i s o m o r p h i s m ,  w he re  D ( R , I )  i s  t h e  a b e l i a n  g r o u p  d e f i n e d  by
g e n e r a t o r s  <^a, b)>,  o n e  f o r  e a c h  c o u p l e  ( a , b ) » R * I  U I * R
s u c h  t h a t  1 + ab ■ R*
and r e l a t i o n s  ( D 1 ) { a ,  fa)1 < - b ,  - a > = 1
( D2 ) <^a, <(a, c >  = < a ,  b+c  + a b c  !>
( D3)  < a , b c >  = < a b ,  c ^  < a c ,  b >
As s e e n  i n  C h a p t e r  I I I ,  r e l a t i o n s  1 - 4  a r e  common i n  t h e  
n o n - c o m m u t a t i v e  c a s e ,  e g  i n  t h e  d e t e r m i n a t i o n  o f  t h e  a b s o l u t e  K2 
of  skew f i e l d s  and n o n - c o m m u t a t i v e  l o c a l  r i n g s .  One w o u ld  l i k e  t o  
know w h e t h e r  r e l a t i o n s  1 - 4  w o u l d  a l s o  b e  a d e f i n i n g  s e t  o f  r e l a t i o n s
f o r  D * ( R , I )  i n  t h e  r e l a t i v e  c a s e  I t  may t u r n  o u t  t h a t  n o t  a l l  o f
t h e  r e l a t i o n s  1 - 1 8  a r e  n e c e s s a r y  t o  d e f i n e  D*(R, I ) .  Our th e o r e m  
d e t e r m i n e s  D * ( R , I ) ,  w h i c h  i s  a  d e t e r m i n a t i o n  o f  t h e  r e l a t i v e  
K2 ( R , I )  T h i s  g r o u p  n e e d s  no  m o d i f i c a t i o n ,  b u t  we a s k  t h e  d i f f e r e n t  
q u e s t i o n  o f  w h e t h e r  a s u b s e t  o f  t h e  r e l a t i o n s  1 - 1 6  d e f i n e s  t h e  same  
g r o u p ,  D4,( R, I ) . T h i s  t y p e  o f  q u e s t i o n  i s  a n a t u r a l  o u t g r o w t h  o f  
p r o b l e m s  c o n c e r n i n g  t h e  d e t e r m i n a t i o n  o f  K2 ( R)  or  K2 ( R , I )  -  f o r  
e x a m p l e ,  two o f  t h e  r e l a t i o n s  i n  D e n n i s - S t e i n ' s  p r e s e n t a t i o n  f o r  
K2 (R)  o f  a c o m m u t a t i v e  d i s c r e t e  v a l u a t i o n  r i n g  c a n  be rem oved ,  b u t  
t h i s  was n o t  c l e a r  u n t i l  a f t e r  t h e  more g e n e r a l  a p p r o a c h  o f  K o l s t e r ,  
w h i c h  c o n s i d e r e d  l o c a l  r i n g s
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T h e r e  a r e  two c l e a r  m eth o d s  f o r  r e d u c i n g  t h e  s e t  o f  d e f i n i n g  
r e l a t i o n e  f o r  D*(R, I ) .  The m ost  o b v i o u s  a p p r o a c h  w o u ld  be t o  t a k e  
e a c h  r e l a t i o n  and u s e  r e l a t i o n e  1 - 4  t o  show i t  i s  a c o n s e q u e n c e  o f  
t h e  f i r s t  f o u r  r e l a t i o n s  T h i s  may be p o s s i b l e  w i t h  a  v e r y  c l e v e r  
an d  e l a b o r a t e  s e t  o f  c o m p u t a t i o n s
The o t h e r  a p p r o a c h  w o u ld  b e  t o  u s e  t h e  w e l l - k n o w n  t r a n s l a t i o n a l  
t e c h n i q u e  o f  H a ts u m o to  w h i c h  i s  u s e d  t o  show a s e t  o f  r e l a t i o n s  
among s y m b o l s  i s  a d e f i n i n g  s e t  o f  r e l a t i o n s  One w o u l d  a t t e m p t  t o  
d e f i n e  a g r o u p  o f  l e f t  t r a n s l a t i o n s ,  L, t h a t  w o u ld  t h e  d e f i n i t i o n  o f  
a n a t u r a l  map
D* ( R. I )  — * S t ' ( 2,  R ) — > L
w i t h  t h e  g o a l  o f  p r o v i n g  t h e  i n j e c t i v i t y  o f  t h e  c o m p o s i t i o n  In  t h e  
r e l a t i v e  s i t u a t i o n ,  t h i s  a p p r o a c h  may be f e a s i b l e  i f  one  can  
d e t e r m i n e  more p r e c i s e l y  how t h e  r e l a t i v e  g r o u p  D*( R , I ) i s  embedded  
i n  S t ' ( 2 , R ) ,  o r  f i n d  a s i m p l e  p r e s e n t a t i o n  f o r  t h e  r e l a t i v e  
S t e i n b e r g  g r o u p  S t  ' ( 2 , R ,  I )
I n  t h e  more g e n e r a l  s e t t i n g  o f  s e m i l o c a l  r i n g s ,  t h i s  may be an  
e a s i e r  q u e s t i o n  The f i r s t  s t e p  i s  t o  g e n e r a l i z e  from  t h e  
c o m m u t a t i v e  t o  t h e  n o n - c o m m u t a t i v e  c a s e  We do t h i s  i n  our  
Theorem 6 . 1  U s i n g  t h e  m e th o d s  and c o m p u t a t i o n s  e m p lo y e d  i n  t h e  
p r o o f  o f  Theorem 6 1, i t  s e e m s  f e a s i b l e  t h a t  a s i m i l a r  r e s u l t  be  
p r o v e d  n e x t  f o r  s e m i l o c a l  r i n g s .  The same s t a b i l i t y  t h e o r e m s  w h i c h  
a l l o w  u s  t o  work i n  S t ' ( 2 , R )  f o r  l o c a l  r i n g s ,  a l l o w  t h e  s e m i l o c a l  
c a s e  t o  be ex a m in e d  i n  t e r m s  o f  S t ( 3 , R ) ,  w h i c h  i s  s t i l l  m a n a g e a b le  
i n  t e r m s  o f  t h e  i d e n t i t i e s  i n v o l v e d ,  and h a s  a d d i t i o n a l  a d v a n t a g e  of  
b e i n g  on  u n m o d i f i e d  S t e i n b e r g  g r o u p .  For  t h e  m o s t  p a r t ,  our p r o o f  
o n l y  u s e s  t h e  a s s u m p t i o n  t h a t  R i s  l o c a l  t o  a l l o w  us  t o  work i n  
S t ’ ( 2 , F ) .  The g e n e r a l i z a t i o n  from l o c a l  r i n g s  t o  s e m i l o c a l  r i n g s  
a p p e a r s  s u i t a b l e  f o r  p r o v i d i n g  more i n f o r m a t i o n  a b o u t  t h e  r e l a t i o n s  
d e f i n i n g  D MR , I )  S i m i l a r l y  t h e  g e n e r a l i z a t i o n  from c o m m u t a t iv e  
d i s c r e t e  v a l u a t i o n  r i n g s  t o  l o c a l  r i n g s  t h a t  a l l o w e d  u s  i n
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C h a p t e r  IV, t o  r e d u c e  t h e  l i s t  o f  r e l a t i o n s  g i v e n  by D e n n i s - S t e i n  
f o r  a c o n u i u t a t i v e  d i s c r e t e  v a l u a t i o n  r i n g
In t h e  i m p o r t a n t  s p e c i a l  c a s e ,  I = Rad R, we may r e d u c e  t h e  s e t  o f  
r e l a t i o n s  t o  t h e  f i r s t  f o u r ,  i . e .  show t h a t  r e l a t i o n s  5 - 1 8  a r e  
c o n s e q u e n c e s  o f  r e l a t i o n s  1 - 4 ,  t h u s  y i e l d i n g  a d e t e r m i n a t i o n  f o r  t h e  
r e l a t i v e  K2 ( R, Rad R) o f  a n y  ( n o t  n e c e s s a r i l y  o o n m u t a t i v e )  s p l i t  
l o c a l  r i n g
Corollary 6 . 3 :  L e t  R be a l o c a l  r i n g  ( a s s o c i a t i v e  w i t h  1 ) ,  no t  
n e c e s s a r i l y  c o m m u t a t iv e  L et  ( R , r a d  R) be a s p l i t  p a i r  Then t h e  
f o l l o w i n g  s e q u e n c e  i s  e x a c t
1 ------- » K2 ( R , I )  ------- > D, ( R)  ------- > [ R*, 1+Rad R] ------- > 1
Proof We f i r s t  o b s e r v e  t h a t  i n  t h e  c a s e  I=Rad R, t h e  g r o u p s  D] ( R)  
and D* ( R, I )  h a v e  i d e n t i c a l  s e t s  o f  g e n e r a t o r s  b e c a u s e  i n  a l o c a l  
r i n g ,  an e l e m e n t  1+ab i s  a u n i t  e x a c t l y  when e i t h e r  a or  b i s  i n  th e  
m axim al i d e a l ,  i . e .  t h e  r a d i c a l  F u r t h e r m o r e ,  we n o t e  t h a t  t h e  
f i r s t  f o u r  r e l a t i o n s  i n  DMR,Rad R) a r e  i d e n t i c a l  t o  t h e  d e f i n i n g  
r e l a t i o n s  R1-R4 o f  Dj ( R)  F i n a l l y ,  we c o n c l u d e  t h a t  b e c a u s e  
r e l a t i o n s  5 - 1 8  h o l d  s I b o  i n  D] ( R) ,  t h e y  a r e  c o n s e q u e n c e s  o f  
r e l a t i o n s  1 - 4  by K o l s t e r  [MK3] . Thus,  D+(R,Rad R ) a D ( ( R ) ,  and we 
h a v e  t h e  e x a c t  s e q u e n c e
1 — » K2 (R,  Rad R) — > D] ( R)  — ► ( R \  1+Rad R] — ► 1 
a s  d e s i r e d
□
I n  t h e  i n t e r e s t  o f  p o s s i b l e  g e n e r a l i z a t i o n s  o f  t h i s  t h e o r e m ,  we n o t e  
w h i c h  o f  t h e  h y p o t h e s e s  seem  t o  be e s s e n t i a l  Most a p p a r e n t  i s  t h e  
d e p e n d e n c e  o f  t h e  t h e o r e m  up on  t h e  a s s u m p t i o n  t h a t  I i s  a  r a d i c a l  
i d e a l  ( i n  Theorem 6 1 t h i s  i s  a c o n s e q u e n c e  o f  t h e  a s s u m p t i o n  t h a t  R 
i s  a l o c a l  r i n g  ) For our p r o o f ,  i t  i s  c r u c i a l  t h a t  I be a r a d i c a l
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i d e a l  i n  o r d e r  t o  w r i t e  e v e r y  e l e m e n t  o f  S t ( 2 , R )  i n  t h e  normal  
form  As we h a v e  m e n t i o n e d ,  t h e  a s s u m p t i o n  t h a t  R i s  l o c a l  d o e s  not  
seem  t o  be c r u c i a l ,  e x c e p t  i n  t h e  c h o i c e  o f  t h e  o o n m u ta t o r  s u b g r o u p  
(R*, 1 + 1 ] ,  w h i c h  may no l o n g e r  be a p p l i c a b l e  i n  g e n e r a l i z a t i o n s  o f  
t h e  s h o r t  e x a c t  s e q u e n c e  I n  f a c t ,  a s  we m e n t i o n e d  b r i e f l y  a b o v e ,  
t h i s  com m utator  s u b g r o u p  f i t s  n e a t l y  i n t o  t h e  s h o r t  e x a c t  s e q u e n c e  
b e c a u s e  o f  t h e  c o r r e s p o n d e n c e  b e t w e e n  D e n m s - S t e i n  and S t e i n b e r g  
s y m b o l s ,  w h i o h  may n o t  h o l d  f o r  more g e n e r a l  c l a s s e s  o f  r i n g s  One 
r e a s o n a b l e  a l t e r n a t i v e  w ou ld  b e  t o  u s e  t h e  norm al  s u b g r o u p  g e n e r a t e d  
by t h e  e l e m e n t s  0 = ( 1 + a b ) ( 1 + b a } ’ « R * ,  a , b « I .  The a s s u m p t i o n  t h a t  
R — ► R /I  s p l i t s  s e e m s  t o  be n o n - e s s e n t i a l ,  and a p r o o f  a l o n g  t h e  
l i n e s  o f  Keune [FK2] s h o u l d  s u f f i c e  t o  s e e  t h e  n o n - s p l i t  c a s e
B e f o r e  p r o v i n g  t h e  th e o r e m ,  we p r o v e  some i d e n t i t i e s  i n  S t ' ( 2 , R )
Proposition 6.4 The f o l l o w i n g  i d e n t i t i e s  h o l d  i n  S t ‘ ( 2 ,R)
( PI )  x ^ O )  = 1
( P2 )  x 1( a ) x 1( b )  = x t ( a +b)
( P 3 ) x i ( a ) w ( u )  = w( u ) x 2 ( - u ^ a u * 1)
( P4 ) x 2 ( a ) w ( u )  = w ( u ) x ] ( - u a u )
( P5)  x i (a  )x2( b)  = < a ,  b> w(f  ) w( - 1  )x2 ( f b ) x  ) U ' ’a )
( P 6 ) h ( u ) h ( v )  = ( u , v } h ( v u )
{ P7 ) h ( u ) ' 1 = ( u,  u * ' ) h( u ' 1)
( P6 )  w ( l ) w ( —1) = 1 
( P 9 ) w( u )w ( —u ) = 1
( P1 0 )  w ( u ) w ( v )  = ( - u v , - v ’ *}w( - v  ' u ) w ( - 1 )
( P l l )  ( u , —u |  -  1
( P1 2 )  w ( l ) w ( u ) w ( l )  = { - u 1, - l } w ( - u " 1)
( P1 3 )  w ( u ) w ( - l ) w ( v )  = ( u , v ) w ( v u )
( P1 4 )  x | ( c ) < a , b >  = < a , b > x , ( 0 1c)
( P15 )  x 2 ( c ) < a , b >  = < a , b > x 2 ( c 0 )
( P1 6 )  w( u ) w( - 1 )  <(a ,  b!> = ^ u a u . u ’ ^bu’ 1!) { u"' Cu, u |  { f u f  ,c"1} w ( u ) w ( - l ) , 
w here  C=l+ba
(P I  7)  w(u)<Ca,b> = <(- u " 'au 1, -u b u  )  ( Q, t ' o H-e*0 , - u ) { -ucq ,  “f ) w(f u£ o ) ,
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w h e r e  t = 1 + ab,  t = 1 + ba,  0 = c c ' 1,
tQ = 1 + ( u ^ a u * 1) ( u b u ), to = 1 + (ubu H u ^ a u ^ ),
and  60 = EO^O
We h a v e  a b b r e v i a t e d  t h e  i n d e x  1 , 2  by j u s t  1 ( s i m i l a r l y  2 , 1  
r e p r e s e n t s  2}  We h a v e  a l s o  u s e d  t h e  i n d e x  v a r i a b l e  l ,  w h i c h  may 
t a k e  on t h e  v a l u e  o f  1 or 2,  i . e .  1 , 2  or  2 , 1 .
Proof
S e e  [MK2] f o r  a p r o o f  o f  t h e  i d e n t i t i e s  P r o o f s  o f  o r i g i n a l  
r e l a t i o n s  w h i c h  a r e  n o t  i n  [MK2], f o l l o w  ( S e e  a l s o  Theorem 1 10)
F i r s t  PS We n o t e  t h a t
< a , b >  = x | ( a ) x 2 ( b ) x i ( - e * 1a ) x 2 ( - ^ b ) h ( £  J 1
so we have
< a , b > h ( ?  ) x2 ( f b ) x 1(c'1a)  = x t( a ) x 2 (b)  
i  e < a,  b> w( f  ) w ( - l  ) x2 ( f b ) x  i t f ’ a ) = X ) ( a ) x 2 (b)
i  e x | ( a ) x 2 ( b )  = < a,  b> w(f  ) w( - 1  ) x 2 (f b ) x  ] (t '1a )
w h i c h  i s  t h e  i d e n t i t y  d e s i r e d .
N ext  we p r o v e  P6 
N o t e  t h a t
{u,v} = h(uv)h(u)’1h(v)"1
so
( u , v ) h ( v ) h ( u )  -  h ( u v )  
h ( v ) h ( u )  = ( u , v } _,h ( u v)  
h ( u ) h ( v )  = ( u . v ) h ( v u )
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a s  d e s i r e d
As f o r  VI, n o t e  t h a t  by d e f i n i t i o n  o f  S t e i n b e r g  s y m b o l s ,  
{ u , v }  = h ( u v ) h ( u  r ’h t v ) ' 1
s o
{ u , u "1) = h( 1 ) h( u  ) "*h(u"1) ’
= h t u T ^ M u ' 1 )~1
T h us ,
M u ) ”* = { u ( u"' l h{ u"' )
a s  d e s i r e d
For P10,
w(u ) w( v)  = v ( u ) « { - l ) v ( l ) v ( v )
= h( u )h(  - V  )~'
= h ( u ) l { - v , - v ' , | h ( - v ‘ ’ )]
= h( u )h(  - v ' 1) { - v ,  - v ~ 1 f 
= { u , - v * ' } h ( - v _1u ) 1 - V , - v ' 1}
= I u , - v  *) { - V ,  - v  *} h ( - v  u^ )
-  ~v 1 v ’u v ,  - v " 1} { - v ,  - v " ’ }h( -  v" *u )
= 1 - w ~ * u v ,  -  v"1 )h( -v"*u )
= { - u v ,  - v ' 1 }w ( -v" 'u  ) w( - 1 )
v( 1 )v(u )w( 1) >= * ( 1 }w(u)v(-l)*(1)*(1)
=  w t u ^ M l W U
= (-u ', -1}w(-u 1 )*( -1 )ir( 1) 
= ( - u _t . - l } w ( - u _1)
PI 3
w(u )w(- 1 )w(V} = h ( u } h ( v ) w ( l )
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= | u , v ) h ( v u ) w ( 1)
= i u , v j  i h t v u r ’ r M i )
= { u , v }  [ { v u ,  ( v u ) ‘ 1}h(  ( v u ) ' 1) ] ' ’w( 1)
= l u ,  v l i  (vu  ) -1, v u | * (  1 ) * { - ( v u ) ' '  )w( 1)
= { u ,  v )  1 (vu  vu J ( v u , - l ) w ( v u )
= { u , v } { v u , - l } {  ( v u ) ’ 1, v u j w( v u )
= ( u,  v ) (  v u , - 1 ]  {v u ,  vu )w( v u )
= { u , v ) { v u , - l }  v u ,  v u } * (  vu )
= { u , v } ( v u , - v u } w (  VU )
= {u , v } w ( vu )
P16
w( u }w( - 1 )  <Ca, b> = h (u  )x | ( a  Jxg{ b )x  | ( - t ^ o  ) x 2 ( - f  b ) h ( f  )'*
= X | ( u a u ) x 2 (u 1bu ' )x  ^( - u t ^ a u  ) x 2 ( -u  'fbu M M u J M C )  1 
= < u a u , u ~ 1b u * ' > h ( u " ,£ u ) h ( u ) h ( £  ) 1 
= <[uau,u"’bu~' ^>(u' 1£ u , u ) h ( C u ) h ( £ ) " '
= < uau ,  u"^bu^> | u * £ u , u ) w ( £ u ) w ( - £  )
= < u a u ,  u ' b u " 1 > {u"’C u , u ) { C u £ , f ~ ' } w ( u ) w ( - l )
And f i n a l l y ,  P17
w ( u ) < a,  b> =» w(u)x t (a )x2 (b)x )(-t"i a ) x 2 ( - f b ) h i ( f  ) _1
= X2 ( - u ' a u * 1 )x i ( -u b u  ) x 2( u ’ 1c ’ 1au"1 )x ) ( uf  bu )
h2(£o)-1h2(Co)v (u )h l(C 
= X2 ( a o ) x | ( b o ) x 2 ( c o a o ) x )( ^ 0 ^ 0  ) 1
= <aQ, bQ> 2h 2 ^ o J w( u 1
* K. ag ,  b g ^ h ( f f ( ) ) h ( £ 0 ) w( u ) h ( £  ) 1
= <ag,  bo>w(6rj )w( - fo)w(u )h(f  )"'
= < * 0 -  O ' ^ o M £ < ) 0 o ) w { - l ) w ( u ) * (  l ) w( - C )
-  < a 0 , b 0 > { r J e 0 . ? o } w ( e o r J ) w ( u - 1 )w(-e)
= < a 0 / b0 > ( f l rJ f 0 , r ^ M - e > j . - u ) * ( - ur ^ J ) * ( - i ) * ( - f )
= < a o ,  bo>  {0"o£o ^ o l  ( “^ 0  ^0 - - u ) h ( - u c  o0"io}h(-C M  *)
= < a 0 , b 0 > {0-Jf o , ? oH  -E off o . - u ) I - u c X , -e  J h{t u f  o 6 o )* < 1)
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= < a o , b0 > {0*je o , e j } { ,  - u  h  - ut i j r J , - e m  e ue-,i f r j )
= ^ * 0 '  b 0^ ^ 0 ^ 0 ' ^ o H  - e ‘o ,  - u j  1 - u c ‘q ,  - f  ) w ( f  u e 'q )
w hore  ag * - u ^ a u ' 1, bp = - u b u ,  Ep * u 'cu,  f 0 *= u f u ' 1, 0p = CQ^ O
□
Proof: (Theorem  6 1)
Let  x be a p a r t i a l  o r d e r  on { 1 , 2 )  By W*, we d e n o t e  t h e  w ords  i n
t h e  l e t t e r s
X ^ a ) ,  a « I  i f  "i  ft r"
W(u ) ,  u ■ 1*1 
and D, D - D * ( R , I )
w i t h  t h e  c o n d i t i o n  t h a t  a t  l e a s t  one  "W" o c c u r s  i n  e v e r y  word (Of 
c o u r s e ,  W( 1) W( - 1 )  i s  a l l o w e d  )
D e f i n e  t h e  map p n  ► S t ‘ ( 2 , R )
by I  i ( a  ) ---- ► x A(a )
W(u)   > w( u)
D  > D
Definition 6.5: Let  A = A p A ^  and A' = ApAi'A2 be j u x t a p o s i t i o n s  
o f  t h r e e  words  We s a y  t h a t  A i s  o b t a i n e d  fro m  A by replacing t h e  
subw ord  Aj by A | ' .
O n ly  t h e  f o l l o w i n g  r e p l a c e m e n t s  and t h e i r  c o m p o s i t i o n s  w i l l  be  
a 1 l o w e d :
( 1)  Xj(0)  ------- > 1
( 2 )  D -------- > ( ) ,  i f  D = 1 i n  D * ( R, I )
( 3 )  D)D2 -------- ► ( D 1D2 ),  w h e re  ( D tD2 ) i s  t h e  p r o d u c t  i n  D MR . I )
(4 )  X i U J X ^ b )  -----------» Xj ( a  + b)
( 5 )  X t ( a ) W( u)  -------- * W(u ) X 2 ( - u ’ ’a u*1)
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X2 ( a }W(u ) --------* W( u ) X) ( - u a u )
(6)  X! (a)X2(b)  -------> < a , b > W ( n W ( - l ) X 2(f
( 7 )  W(u )W( - u  ) -------- > X
( 8 )  W(u )W( v ) -------- > { - u v ,  -  v  1 )W( - v ’ 1u )W( - 1 ) ,  v * - l
( 9 )  W( u ) W( - l ) W( v )  -------- > ( u , v } W( v u )
( 1 0 )  X j ( c ) < a , b >   ► < a , b > X ) ( 0"1 c )
X2( c ) < a , b >  -------- ► < a , b > X 2 ( c 0 )
(11) W(u)<a,b> .......■» < - u ’au'1, -ubu > {(TqEo.c o) 1 -cp, - u  | (-ue q, -£ JW(f u e  q )
I f  B can  be o b t a i n e d  from A by a r e p l a c e m e n t  (B = A a l l o w e d )  we w i l l  
w r i t e  A i B  By an e a r l i e r  p r o p o s i t i o n ,  t h e s e  r e p l a c e m e n t s  
c o r r e s p o n d  t o  r e l a t i o n s  w h i c h  h o l d  i n  S t  ' ( 2 , R ) ,  s o  Pn ( A ) = p ^ f B )  i f  
A 2 B
By Lemma 6 7, i  i s  a p a r t i a l  o r d e r  r e l a t i o n  on , and  
f o r  a l l  AwW-fl, t h e  s e t  | B ■ » n l A i  B ] i s  f i n i t e
D e f i n i t i o n  6 . 6 a :  i s  d e f i n e d  t o  be t h e  s e t  o f  m in im a l  e l e m e n t s
o f  Wn u n de r  t h e  o r d e r i n g  i The e l e m e n t s  o f  a r e  e x a c t l y  t h e  
w o r d s  o f  t h e  form DW(u)X2 ( a ) X \( b)  or  DW(u)W(- 1 )X2( a ) Xj (  b ) , w here  
X2 ( a )
( r e s p e c t i v e l y  X ) ( b ) )  o c c u r s  o n l y  i f  a ^ 0 ( r e s p  i f  b  ^ 0 )  and  
D o c c u r s  o n l y  i f  D ^ 1 ( I f  n e c e s s a r y ,  we w r i t e  W(1 )W(—1)  t o  i n s u r e  
t h a t  a W o c c u r s  )
By Lemma 6 . 8 ,  m i n i m a l  e l e m e n t s  a r e  u n i q u e ,  i . e .  f o r  e a c h  A«WX , 
t h e r e  e x i s t s  e x a c t l y  o n e  B eH *  s u c h  t h a t  A i  B
Definition 6 . 6 b  i s  d e f i n e d  t o  be t h e  s e t  o f  e l e m e n t s  i n
w i t h  two W' s .  We make 5H, x i n t o  a g r o u p  by d e f i n i n g  A*B t o  be t h e  
u n i q u e  m in im a l  e l e m e n t  i n  7 1 x  d e t e r m i n e d  by AB The u n i t  e l e m e n t  i s  
1 = W( 1 ) W( - 1 )  The e l e m e n t  ( DW( u) W( - l ) X2 ( a ) X] (  b ) )"' i s  t h e  m in im a l  
word c o r r e s p o n d i n g  t o
X i ( - b ) X 2 ( - a ) W ( 1 ) W( - u) D * By a p p l y i n g  t h e  e l e m e n t a r y  r e p l a c e m e n t s  we 
s e e  t h a t  i s  c l o s e d  u n d e r  m u l t i p l i c a t i o n  and i n v e r s e s
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I t  i s  a l s o  c l e a r  t h a t  t h e  e l e m e n t s  DW( u) W( - l )  a r e  c l o s e d  u n der  
m u l t i p l i c a t i o n  and i n v e r s e s .  T h e r e f o r e ,  t h e y  form  a s u b g r o u p  o f  Mjj, 
and we h a v e  a homomorphism
P*-----511* -------- > S t ' ( 2 , R)
S u p p o s e  n e x t  t h a t  x i s  a n o t h e r  o r d e r  r e l a t i o n  on { 1 , 2 }  s u c h  t h a t  x 
s  7i Then W, ‘ i s  a s u b s e t  o f  Wn . The t r a n s f o r m a t i o n  r u l e s  on W^ ' 
a r e  r e s t r i c t i o n s  o f  t h e  t r a n s f o r m a t i o n  r u l e s  on M o r e o v e r ,  i f
A*Wfl , BeWj and A i. B t h e n  B ■ W^’ . Thus by Lemma 6 10,  i s  a
norm al  s u b g r o u p  o f  7l, w h e r e  -o. i s  t h e  o r d e r  r e l a t i o n  c o r r e s p o n d i n g
t o  t h e  d i a g o n a l  i n  { 1 , 2 } * { 1 , 2  } .
The homomorphism p ^  maps 5TI a  t o  a s u b g r o u p  o f  S t  ( 2 , R )  w h i c h
c o n t a i n s  t h e  e l e m e n t s  X ^ a )  w i t h  a « I  I f  and a « R ,  o n e  can
l i f t
x ^ a j p ^ t  A ) x t ( a r 1
t o
Xx( a ) *  A - X ^ - a )
i n  some By n o r m a l i t y ,  t h e  l i f t e d  e x p r e s s i o n  i s  i n  s o
x ^ a j P - a . f A J X i t a r 1
i s  i n  t h e  im age  o f  5fl.^ Thus t h e  im age  o f  i s  a n orm al  s u b g r o u p
o f  S t ' ( 2 , R )  w h i c h  c o n t a i n s  a l l  x A( a )  w i t h  a « I  M o r e o v e r ,
p ^ 5 H ^  C k e r  [ S t ' ( 2,  R) — > S t ' ( 2 , R / I ) J .
The map
48
S t ' ( 2 , R / I )  -► S t ' ( 2 , R ) / p ^ f l l ^  
d e f i n e d  on g e n e r a t o r s  by
X j ta )  -» xT^Tal
(w h e r e  a « R / I ,  and a i s  a r e p r e s e n t a t i v e  f o r  a )  i s  a homomorphism, s o  
p ^ W ^  = k e r  [St * ( 2,  R ) — » S t ' ( 2 , R / I ) ]
Now c o n s i d e r  an e l e m e n t  o f
k e r [ K 2 ’ ( 2 , P )  -----* K2 ' ( 2 , R / I ) J
I t  i s  an e l e m e n t  o f
k e r  [ S t ' { 2 , R) -----» S t ' ( 2 , R / I ) ]
and s o  i t  i s  t h e  image  o f  an e l e m e n t
DW(u ) W( - 1 ) X2X,  •
l . e an  e l e m e n t
Dw( u ) w( - 1  ) x 2x ) ■ S t ’ ( 2 , R ) .
But  i t  i s  a l s o  i n
K2 ( 2 , R ]  = k e r  [ S t ' ( 2 , R) — ► E ( 2 , F ) ] ,  
s o  i t  maps t o  1 u n d e r  t h e  m o d i f i e d  S t e i n b e r g  map We h a v e ,
u 1 - 1 \
1 -u -1
H 1 1
fl M fl  1




U f ’a u ' ^ l + a b )
I, w h e re  c ■ n
T h u s ,  a = 0 ,  b =0 ,  u = l , and c = l  ( i . e .  r i 0 i = l )  T h i s  o o n o l u s i o n  i s  due
t o  t h e  u n i q u e n e s s  o f  our n orm al  form
S o  f a r ,  we h a v e  shown t h a t  a n y  e l e m e n t  o f
k e r [ K 2 ( 2 , R )  — > K2 ( 2 , R / I ) ] ,
i s  t h e  im age  u n d e r  P ^  o f  an e l e m e n t  i n  D* ( R, I )  w i t h  1101 = 1 I e , 
p^. maps ( D*(R, I ) I f l 0 i = l  1 s u r j e c t i v e l y  o n t o
k e r  [K2 ' ( 2 ,R )  -----» K2 ' ( 2 . R / I ) ]
N e x t ,  we e x h i b i t  an a c t i o n  o f  S t ‘ ( 2 , R / I }  on Tfl-a For x « S t ' ( 2 , R / I }  
and t h e  r e s u l t  o f  t h e  a c t i o n  o f  x on A i s  d e n o t e d  by XA
For x 1( s ) * S t  ' ( 2,  R / 1 ) and A « 5 1 l^ ,  d e f i n e
XK*IA = X i( s  ) *A* X A( - s  ),
com p u ted  i n  some w i t h  i « x .  The r i g h t  hand s i d e  i s  i n  by
n o r m a l i t y  o f  By Lemma 6 . 9 ,  t h i s  d e f i n e s  an  a c t i o n  o f
S t ' ( 2 , R / I )  on We a l s o  s e e  t h a t  commutes w i t h  t h i s  a c t i o n
Form t h e  s e m i - d i r e c t  p r o d u c t  S t ' ( 2 ,  R / I ) a  a c c o r d i n g  t o  t h e  a c t i o n  
The e l e m e n t s  a r e  p a i r s  ( x , A )  w i t h  x « S t ' ( 2 , R / I )  and A«5H,-£>. The  
m u l t i p l i c a t i o n  i s  d e f i n e d  by
( x .  A) ( y ,  B) = ( x y ,  Y^A-B)
We h a v e  a homomorphism
d e f i n e d  by
( x , A )  -----* x p ^ ( A ) ,
s i n c e
( x.  A) ( y ,  B)  » x p ^ {  A ) y P ^ ( B )
and a l s o
( x y ,  y ' A ' B )  ---- » x y ( y _1A*B) = A )p ^ (  B )
= x P ^ ( A ) y p ^ ( B )
We c o n s t r u c t  an i n v e r s e  t o  X
Each e l e m e n t  o f  R c a n  be w r i t t e n  u n i q u e l y  a s  s+a  w i t h  s « R / I  and  
a « I Put
V ( x A( s + a  ) )  = ( x 1( s ) , X 1( a ) )
and e x t e n d  t o  a l l  o f  S t ’ ( 2 , R )  We must  c h e c k  t o  s e e  t h a t  t h e  
r e l a t i o n s  i n  S t ( 2 , R )  a r e  s a t i s f i e d
( i )  V ( x t ( 8 +a)  J V t X i f t + b ) )  = ( x 1( s ) >Z 1( a )  ) ( x 1{ t ) ,  Z1( b ) )
-  ( x ^ s  + t h x i m - ^ U J . j ^ b ) )
=  ( x ^ e  + t ) .  X j f a + b ) )
= V ( x i ( ( s + a ) + ( t + b ) ) )
( 1 1 ) ¥ ( W( u ) ) W( x ? ( s  + a ) ) f  (W(u ) T 1 = ( w ( u ) ,  l ) ( x 2 ( e ) , X 2 ( a ) ) ( w ( u ) ' 1, 1)
= ( w ( u ) x 2( s ) , x 2(B)_1l* X 2 ( a )  ) ( w ( u ) ' 1. 
= ( w( u  ) x 2( s  ) ,  X2 <a ))  ( w( u ) 1, 1 )
= ( w( u ) X2( S )w(u )■’ , w<u >X2 (a  ))
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= ( x -j ( - u s u ), X ] ( - uau  ))
= V( x j{ - u ( s + a  )u ))
( l i i )  and ( i v ) .  N o t e  t h a t  <Ca,b)> i e  a S t e i n b e r g  s y m b o l  i n  t h e  
S t e i n b e r g  g r o u p s ,  i . e .  a p r o d u c t  h ( u v  ) h (u  )*’h( v  )*’ . Thus
V{ < a ,  b >  ) = f t h t u v j h t u j ^ h t v ) ' 1) = ( < a,  b >  , 1 ),
and ve  h a v e :
( 1 1 1 ) V( < a ,  b> ) ¥ ( x 1( s + a ) ) W ( < a , b > " 1)
= ( < a , b > , l ) ( x | ( s ) , X 1( a ) ) ( < a , b > ' , , l )
= ( < a , b > x i ( s ) , x i ( , r 1i * x , ( a ) )(  < a,  b >  "', 1 )
( < a ,  b> x (( s  ) < a ,  b >  *1, <4 'baX i ( a  >* 1 )
( x i ( 0 s ) ,  X|{ 0 a ) )
= ¥ ( x 1( 0 ( s + a ) ) ) ,  and  s i m i l a r l y  f o r  x 2
( i v )  V( < a y , b >  )V( < b a , y >  } = ( < a y ,  b> , 1) ( < b a , y  > , 1)
= ( < a , y b > , 1 )
» ¥ (  < a,  y b >  )
Thus f  s a t i s f i e s  t h e  r e l a t i o n s  i n  S t ' ( 2 , R )
R e s t r i c t i n g  V t o  k e r [ S t ’ ( 2 , R )  -----> S t ‘ ( 2 , R / I ) ]  g i v e s  an  i n v e r s e
homomorphism t o  p ^  Thus
p^:  — > k e r I S t ' ( 2 , R )  — * S t ' ( 2 , R / I ) ]
i s  an i somo rph i s m So
k e r [ K 2 ' ( 2 , R )  -----► K2 ' ( 2 . R / I ) ]
i s  i s o m o r p h i c  t o  I DM R, I ) 1110 i = l  f , and we g e t  t h e  s h o r t  e x a c t  
s e q u e n c e
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1 -----> ke r  [K2 ' ( 2 , R) -» K2 ' { 2,  R / I ) ] -----» D*-( R. I ) -----► [ R \ l  + l )  -----> 1
By t h e  s t a b i l i t y  th e o r e m  o f  K o l s t e r  [MK1], » e  h a v e
K2 ' ( 2 , R )   ^ K2 (R)  and K2 ’ ( 2 , R / I )  a K2 ( R / I ) .
U s i n g  a l s o  t h a t  K2 ( R , I )  i s  i s o m o r p h i c  t o
k e r  [K2 ( 2 ,R)  -> K2 ( 2 , R / I )  J,
we g e t  t h e  d e s i r e d  s h o r t  e x a c t  s e q u e n c e ,
1 -----> K2( R , I ) -------» D * ( R, I ) ------- » l R * , l * l ]  > 1
T h i s  c o m p l e t e s  our p r o o f  o f  t h e  main th e o r e m ,  s u b j e c t  t o  Lemmas 6 7
th r o u g h  6 . 1 0 , w h i c h  f o l l o w
□
L o a a a  6 . 7  t i s  a p a r t i a l  o r d e r  r e l a t i o n  on 
For a l l  A«Wfl , t h e  s e t  { B ■ W^ l A i  B | i s  f i n i t e
Proof C o n s i d e r  f o r  a word A, t h e  s e p t u p l e  r ( A)  = ( r i , r 2 , . . . ,  r?)  
d e f i n e d  by
r |  = # t i m e s  an Xj a p p e a r s  b e f o r e  an X2
plus t h e  # t i m e s  an X2 a p p e a r s  b e f o r e  an X2
r 2 = # t i r o e s  an X a p p e a r s  b e f o r e  a W 
r j  = # W s
r^ = # t i m e s  a W a p p e a r s  b e f o r e  a W(u)  w i t h  u ^ -1  
rg = # t i ro e s  a W a p p e a r s  b e f o r e  a D 
r$  = # t i m e s  an X a p p e a r s  b e f o r e  a D 
r 7 = t h e  t o t a l  l e n g t h  o f  t h e  word
Order  t h e  t u p l e s  l e x i c o g r a p h i c a l l y  By T a b l e  1, we s e e  t h e  e f f e c t  
o f  any  e l e m e n t a r y  r e p l a c e m e n t  on t h e  t u p l e  C l e a r l y ,  r ( B )  < r ( A)  i f
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B can  be o b t a i n e d  from  A (B * A) but r ( A)  < <», s o  t h e  p r o p o s i t i o n  
f o l l o w s
□
*1 r2 *3 * 5 r 6 r ?
( 1 )
A C A C c y AC AC A 7
( 2 ) AC A # AC A ~ ** 7
( 3 ) ~
A * AC AC 7 "  ■ d o e s  n o t
( 4 ) AC AC AC A A
AC 7 i n o r e a s e
( 5 ) ~ 7 X X X X X 7 ■ d e c r e a s e s
( 6 ) 7 X X X X X X
( 7 ) A C 7 X X X X x *  d o  n o t  c a r e
(8) AC AC Cw 7* X X X
( 9 ) A 1 M 7 X X X X
( 1 0 ) AC AC c w A AC 7 X
( 1 1 )
CSC A c A C 7 X X
* ( 8 ) d e c r e a s e s  r ^  o n l y  i f V *  - 1 , b u t V = -1 is n o t  a l l o w e d ,  s o
n e e d  n o t  b e  c o n s i d e r e d
Table 1
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Lemma 6 . 8  f o r  e a c h  AwW^, t h e r e  e x i s t s  e x a c t l y  o n e  BwMjj s u c h  
t h a t  A > B
Proof : We show t h a t  t h e  r e p l a c e m e n t  s y s t e m  h a s  t h e  C h u rc h -
R o s s e r  p r o p e r t y
I f  A , B , C  a r e  words  i n  s u c h  t h a t  A z B and A z C,
t h e n  t h e r e  e x i s t s  a word E s u c h  t h a t  B i. E and C i  E
T h i s  s u f f i c e s  t o  g e t  t h e  p r o p o s i t i o n  Let  A be any word T h ere  
e x i s t s  a word B i n  M* s u c h  t h a t  A i  B I f  C i s  a n o t h e r  s u c h  word,  
t h e n  a c c o r d i n g  t o  t h e  C h u r o h - R o s s e r  p r o p e r t y ,  t h e r e  w i l l  be a word E 
s u c h  t h a t  B i  E and C i E By t h e  m i n i m a l i t y  o f  B and C, we f i n d
B = E = C
Now we p r o v e  t h e  C h u r c h - R o s s e r  p r o p e r t y  f o r  W^  . L e t  A . B ^ w W ^  s u c h
t h a t  A i  B and A £ C We l o o k  f o r  E s u c h  t h a t  B 2 E and C z E
S i n c e  t h e  s e t  (EwWn l A s F }  i s  f i n i t e ,  by an e a s y  i n d u c t i o n  a r g u m e n t ,  
o n e  can r e d u c e  t h i s  p r o b le m  t o  t h e  c a s e  w here  B and C a r e  o b t a i n e d  
from  A by e l e m e n t a r y  r e p l a c e m e n t s  I t  i s  o b v i o u s  t h a t  E e x i s t s  i f  
two d i s t i n c t  s u b w o r d s  a r e  r e p l a c e d  S i n c e  t h e  r e p l a c e m e n t s  a r e  now 
p e r f o r m e d  w i t h i n  a t h r e e  l e t t e r  subword o f  A ( f o u r  l e t t e r  subword  i f  
r e p l a c e m e n t  ( 9 )  i s  i n v o l v e d )  we may r e s t r i c t  o u r s e l v e s  t o  t h e  c a s e  
w h e r e  A i s  a t h r e e  l e t t e r  word ( o r  a f o u r  l e t t e r  word i f  r e p l a c e m e n t  
( 9 )  i s  i n v o l v e d  )
The p r o p e r t y  i s  t r i v i a l  i f  e i t h e r  r e p l a c e m e n t  i s  a ( 1 ) , ( 2 ) , ( 3 ) ,  or
( 7 ) ,  b u t  t h e r e  a r e  many o t h e r  o a s e s  t o  b e  c o n s i d e r e d  w h i c h  i n v o l v e  
t h e  r e m a i n i n g  r e p l a c e m e n t s
The f i r s t  c a s e  we c o n s i d e r  i n v o l v e s  j u s t  t h e  r e p l a c e m e n t  ( 4 ) ,  and we 
w i l l  u s e  t h e  r e p l a c e m e n t  numbers  a s  f o l l o w s  t o  r e f e r e n c e  t h e  c a s e
[ [ 4 , 4 ] }
( 4)  X ^ a J I ^ b J I j l c )
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 * X ^ a  + b J X ^ c )
 > X ^ a+ b +o )
( 4 )  Z 1( a ) Z 1(l>)Z1( a )
 > X i t a J I ^ b + c )
 * X1( a + b + c )
In  t h e  n o t a t i o n  [ ( 4 , 4 ) ] ,  u s e d  h e r e  t o  d e s c r i b e  w h i c h  c a s e  o f  t h e  
C h u r c h - R o s s e r  p r o p e r t y  i s  b e i n g  p r o v e d ,  we u s e  t h e  numbers  4 , 4  t o  
i n d i c a t e  w h i c h  e l e m e n t a r y  r e p l a c e m e n t s  a r e  b e i n g  c o n s i d e r e d  I n  t h e  
l e t t e r s  A, B , C, D,  E from  our s t a t e m e n t  o f  t h e  C h u r c h - R o s s e r  p r o p e r t y ,  
t h e  f i r s t  l i n e  o f  e a c h  c o m p u t a t i o n  i s  t h e  word A, and we p e r f o r m  t h e  
r e p l a c e m e n t  ( 4 )  e a c h  t i m e  The s e c o n d  l i n e s  c o r r e s p o n d  t o  t h e  words  
B and C r e s p e c t i v e l y ,  w h ic h  s a t i s f y  A i  G and A i C  By u s i n g  
e l e m e n t a r y  r e p l a c e m e n t s ,  we t h e n  show t h a t  t h e r e  i s  an e l e m e n t  E 
( t h e  b o t t o m  l i n e  o f  e a c h  p a r t )  w h ich  s a t i s f i e s  t h e  c o n d i t i o n  t h a t  
B i E  and C i. E, a s  r e q u i r e d
The r e m a i n i n g  o a s e s  f o l l o w  t h e  same g e n e r a l  p a t t e r n ,  s o m e t i m e s  a l s o  
r e q u i r i n g  r e l a t i o n e  from  D^ t R, ! )  The r e s t  o f  t h e  c o m p u t a t i o n s  
f o 1 low
[ 14,  5a ] ]
( 4 )  X ^ ( a ) X i ( b ) W( u )
 > I , ( a  + b) W( u)
 * W( u) X2 ( - u  ' ( a + b j u 1)
( 5 a )  X t ( a ) X , ( b ) W( u )
 » X 1( a ) W( u ) X2 ( - u ' ,b u ' ' )
 > W(u )X2 ( - u ’au"* )X2 ( - u  *bu*)
 * W(u )X2 ( - u ~ ’ ( a + b ) u _1)
[14,  5 b ) )
( 4 )  X2 ( a ) X 2 ( b) W( u >
 * X2 ( a + b) W( u)
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 * W(u ) X){ - u (  a + b ) u  )
( 5 b )  X2 ( a ) X 2 ( b) W( u)
 > X2 ( a ) W( u ) X ) ( - u b u )
 * W(u ) X]( - u ( a  + b ) u )
[ [ 4 , 6 )  J ( i )
( 4)  X , ( a ) X 1( b) X2( c )
 » X i ( a  + b) X2 ( c )
 > < a * b , o > W ( f  | )W[- l )X2 (f Tc)X ](£']( a + b ) ) ,
w here  t )  = l + ( a + b ) ( o ) .  N o t e  t h a t  when we w r i t e  a v a l u e  f o r  c, we 
w i l l  w r i t e  t h e  p a r e n t h e s e s  i n  s u o h  a way a s  t o  i n d i c a t e  t h e  v a l u e s  
f o r  C and $ For e x a m p le ,  h e r e  we h a v e  £ |  = 1 + ( c ) ( a * b )  and  
01 = t )£ a s  u s u a l
( 6 ) X , ( a ) X , ( b ) X 2 ( c )
 > X , ( a ) < b , c > W ( e 2 ) W( - l ) X 2 ( f 2c ) x l
 > < b , c > X I( e 2 ‘ ,a)W(C2 ) W( - l ) X 2 ( f 2o) Xl
 ► < b , c > W t t 2 }X2( - £ 2- , a e 2' l ) W( - l ) X 2 ( e 2c ) X,
 ► < b , c > W ( f 2 ) W ( - l ) X , ( € 2' ,a e 2' , )X2 ( f 2o ) X 1
 > < b , c > W ( e 2 ) W ( - l ) < t 2 ' ,a f 2 ’ t- f 2 ° > w[ e 3 ) w ( - 1 ) x 2x t
 > < b , c > W ( € 2 ) W( - l ) < C 2 ' 1a e 2' 1, e 2 C > w [ f 3 ) w( - l ) X 2 2 l
 ► < b , c > < 0 2 ' 1a f 2 ‘ , ^ 2 ^ 2 * , >[ C3 f 2 f 3 X 3 ) W ( f 2 ) wX 1 )
W{ f 3 )W(- 1 )X2X,
 > < b , c > < 0 2 ' ,^ 2 ' , ^ 2 ^ 2 * , > [ ^ 2 ? ^ ^ 3 ) ( f 2 . f 3 ) WW( - l ) X2Xt
 > < a + b ,  c > WW( - l ) X 2X|
w h e r e  c2 = l + ( b ) ( c ) ,  C3 = 1 + ( c ^ a f  2 ’ ) (? 2C)
[ [ 4 , 6 ] ] ( i i )
( 4 )  X, ( a ) X 2 ( b ) X 2 ( c )
 > X j ( a ) X 2 ( b + c )
 » < a , b * c > W W { - l ) X 2X,
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( 6 } X1( f t )X2 ( b ) X 2 ( o )
 » < a ,  t>>W(f 6 )W( - 1  )X2 ( e 5b)X , ( e 5 _1a JX2 ( c )
 > < a ,  b > W ( t 5 ) W( - l  )X2 ( t 5b)  < c s Ma ,  o > W ( t 6 ) W( - l ) X 2X t
 > <a,b>W(e5)W(-l)<t5-,ft,o>X2(C5b06)W(e6)W(-l)X2X 1
 > <a.b>W(«5)W(-l)<c5',a,o>W(f6)X1(-*6f5b06f6)ir(-l)X2X1
 > < a , b > W { f 5 ) W ( - l ) < c 5' 1a , c > W ( e 6 ) W( - l ) X 2X J
 > < a , b > W ( e 5 ) W ( - l ) < e 5 ' ,a , c > W ( e 6 ) W( - l ) X 2X )
 ► < a ,  b >  < f 5C5 **a, of 5*’ ^ {£gf g t g , t g ) W( f g ) W( - 1  )W(£^)W(- 1  )X2X i
 ► < a , b > < e 5E5 *,a , o e 5 - , > ( f 6e 5r 6, ,e-61n f 5 , e 6 | w w ( - i ) x 2x )
 * < a ,  b + c >  WW( - 1  )X2X 1
w h e r e  = 1 + ( a ) ( b + c ) ,  C5 *= l  + ( a ) ( b ) ,  = l  + U s ^ a ) ( c )
[ U ,  1 0 a]  ]
(4)  X , ( o )X ] ( d )< a , b>
— » X j ( c+d ) < a,  b>
 v < a , b >  X1
( 10a )  X , ( c ) X , ( d ) < a , b >
 » X | ( c ) < a ,  b> X 1
 > < a Jb>Xf
[ [ 4 , 1 0 b ] ]
( 4)  X2 ( c )X2 ( d ) < a , b>
 ► X2 ( c + d ) < a,  b>
— * < a . b > X 2
(10b)  X2 ( c )X 2 ( d )  < a ,  b>
 ► X2( c )  < a ,  b> X2
 » < a , b > X 2
( [ 5 a . 8 ]] ( 5 a )  X,{a)W(u)W(v)
 » W(u )X2 ( - u ' ^ a u* ’ )W{v)
 ► W( u )W( v )X 1
 » ( - u v , - v  1] WW{* 1) X t
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( 8 ) X , ( a  )W(u )W(v )
 * X j{ a ) { - u v ,  -  v~* }W( -v* 'u  )W( - 1 )
 > ( - u v ,  - v *1 JX iWW( - 1 )
 ► 1 - u v ,  - v "1 |WW( — 1 ) X |
[ [ 5 a , 9 ] }  ( 5 a )  X ^ a  )W(u )W(- 1  )W(v)
 > W( u) X2W( - l ) W( v )
 > W( u)W{- 1 ) W( v) X2
 ► [ u , v ) WX2
( 9 )  X , ( a ) W( u ) W( - l ) W( v )
— *■ X | ( a  ) [ u , v ) W( v u  )
 * { u , v | X i W( v u )
 ► ( u , v } WX 2
[ [ 5 a , 1 1 ] ]  ( 5 a )  X )( c ) W( u ) < a ,  b >
 > W( u )X2 ( - u " 1c u " ' ) a ,  by
 ► W ( u ) < a , b > X 2
 * < - u ' 1a u ' ’ , - u b u >  7 , f  7'M { —c 7"1 , - u ]
l - u c / ’ , - f 7 }WX2
( 1 1 ) X , ( o ) W ( u ) < a , b >
 * X t ( c ) < - u ' 1a u ‘ ), - u b u >  { 6 7 * ^ 7 , f  7 " 1 } { - £ 7 ' *  , - u )
[ - u £ 7 ' ' , - f 7 iW 
— * < - u ’a u ’, - u b u >  {6 7 * l f 7 , f 7 -1} {-e ? -1 , - u )
{ -UC7 ' 1 , - f  7JWX2C7 =  1 + ( - u ' V u ' 1 ) ( - u b u  )
where  t 7 = 1 + ( u ' 1au" '  ) ( u b u )
[ [ 5 b , 6 ]) ( 5b)  I t ( a ) X 2 (b)W(u)
— > X ^ a M u J I ^ - u b u )
— > WX2Xj
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( 6 ) X , ( a ) X 2 (b)W(u)
 > < a i b>W(£5 )W(- l )X2 (es b ) X l (E5 ‘ 1a)W(u)
 » < a , b >W( £ 5 ) W( - l )W( u) X) ( -u( f 5 b)u)X2 ( - u ,E5 ' a u ’ )
— * < a , b ^ W ( f 5 )W(- l )W(u)  ^ - u f g b u ,  - u ^ c j ^ a u " ’ ^
W(fe )W(- l )X2X,
— ► <a, b >  U s ^ u j W f u f j )  < - u f 5bu,  - u ' ^ s ^ a u ' 1 >W(fg)W( - 1 )  
X2X,
— * < a , b >  1^ 5 , u)  < b u ( u f 5 ) ' , , u£ 5u ' tE5 ‘ 1a£5 >
{ 0 g ' 1 e 9 , f g^1 J { -C9 ' 1 , - u e 5 } { -u e5E9 ' 1 , - £ 9 ) 
W(£8ue 5E9 ' , )W(£e )W(- l )X2X1
 > < a , b >  (£9 , u K b u { u f 5 ) ’ , >viC5u ' ,C5 ' ,a£5 >
{e 9 _1 e 9, e 9 1} f -cg -1 , - u e 5 }{-ue 5E9 ' 1 , - e 9 ( 
{ - f 0 u f 5 £ 9  * IW{-uf5 C9 ' )
W(-1)W(-1)X2X,
 * < a , b (£ 5 , u } < bu( uf 5 ) 1, u f 5U*1E5 ^a? 5  >
iflg-’e g . f ^ n - c s ■ , , - u e 5 }( - uc 5 c9 ' , . - e 9i 
( —^ 0 uC5 Eg ’f e ^ B  l H - u f 5£9M, - i J  
WX2X]
 > W(u)X2X,
where  Eg = 1 + ( -ufgbu ) ( - u ' c s ’ ^au e9 * 1 +( b u ( u f 5 )" ' )  ( u f j u  ' e g ' ' a f j  )
E [ 5 b , 8 ]] (5b)  X2 (a)W{u)W(v)
 » W t u J X ^ v )
— > W(u)W(v)X2 
 ► {- u v ,  - v ’ 1 |WW( - 1  )X2
( 8 ) X2 (a)W(u)W(v)
 » X2 ( a ) { - u v , - v ' , }W(-v*1u ) W ( - l )
 > { - u v ,  - v  * |WWX2
[ [ 5 b , 9 ] )  ( 5b)  X2 (a )W(u)W(- l )W(v)
 » W(u )X i ( - ua u) W( - l ) W{v )
 > W(u)W(- l )W(v)X,
 ► |u,v}WX,
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[ [ 5 b , 11]} 
(5b)
( 1 1 ) 
— ■» 
— »
wher e i iq -
I [ 6 , 1 0 b] ]
where  c n  =
(9)  X2 ( a )W(u)W(- l )W(v)
 * X2 ( a ) j u , v ] W ( v u )
 ► [ u . v l W l !
X2 ( c ) W ( u ) < a , b >
W(u )X ) < a ,  b >
W( u ) < a , b >  X|
< -u  'au ' ,  -ubu  > I 6 )o’ 1f |Q,f 10 1 M -£ )0 ' ^ u ) l “ ut 10 '  ^" f l o ] ^  I 
X2 ( c ) W ( u ) < a , b >
X2 < * u ‘ ,a u ‘ , ( -ubu > ( 6 1 0 " 1  ^ 10'e 10" ' H  ~z 10* < -u H ~ue lo"' * TO 3w
< - u  ^au"1, -ubu  > { io, f  ioM] t - c  10 ' - ~ u H  -ue 10’ ’ , - f  t 0 ]WX ,
1+ ( u -1au"1) ( ubu )
( 6 ) X1( o ) X 2 ( d ) < a f b >
 * < c , d > W( E  H ) W{ - l ) X 2 {f  n d ) X , < a , b >
 » < o , d > W ( f  n ) W( - l ) X 2 (f  n d ) < a ( b > X ,
 > < c , d > W ( f  , , ) W ( - l ) < a , b > X 2X1
 > < c . d > < e Ma , b C , r , > l f 5f  n E '^ E ^ W W f- l jX z X i
( 1 0 b )  X , ( c ) X 2 ( d ) < a , b >
 » X1( o ) < a , b > X 2 ( d 0 5 )
 » < a , b > X 1( 0 5' , o ) X2 ( d 0 5 )
— > < a ,  b >  < 05*'o,  d 0 5 > WW( - 1  )X2X ,
 ► < c , d >  < f  n a , b f  , ! * ' >  [ f 30f n f  30^ 3 0 )WW(-1)X2X,
l + ( c ) ( d ) ,  c 12 = l + ( 0 5_1c ) ( d e 5 )
[ [ 8 , 8 ]] ( 8 ) W( u )W( v )W{ z )
 » f - u v , - v ‘1}W(-v~1u)W{- l )W(z )
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where  $13 
[ [ 8 , 9 ] ]
m
where  0 , 5
[ [ 8 , 9 ] ]
( i i )
 » l - u v , - v ' 1H - v ' ,u , z lW
( 8 ) W( u ) W( v ) W( z )
 ► W(u ) ( - v z ,  - z ' , } W ( - z ' 1v ) W ( - l )
 * < - u " 1v z ( z ' 1+ l } u ‘ , , u ( v z  r ' u >  [c f  14 1 M “t M ' *- u t
[ -u t  h '  , - f  M |W(C l 3u£ m *1 ) W ( - z ' ’v)W( - 1 )
 > < - u ' 1V 2 ( 2 ' 1 + l ) u ' , , u ( v z } ' 1U > | £ H , f
I - U E  , - f  H ] { £  13ut 14‘ V ' v ,  ( z ' N r ) ' 1 J 
W( { z Mv ) ‘ 'f
 » < - u Mv z ( z 1 + l  ) u ' ’ , u ( v z  ) ' u >  U i 4 , f  14"1 > i -e 144"1 , - u ]
1 - U E 14 ’ ’ ,  - t  h J  U  13U£ h ' * z ' 1v ,  ( z m v  ) ‘ 5 ]
{ ( z ‘ ' v ) * 1f )3uc H ‘ 1, - 1] W 
 » f - u v ^ - v ' 1] i - v ^ u . z j W
[ v , z 1],  £14 = 1 * ( - u ' ]v( 1 +z ) u ‘ *) (u(  vz ) ‘ *u ) .
( 8 ) W( u } W( v ) W( - l ) W( z )
 ► ( - u v ,  -v* * } W( - v ^ u ) W( - l ) W( - l ) W( z )
 * [ - u v ,  -v*^} { - v " ’u , - l ] W ( v ' 1u}W(z )
 » { - u v , - v ' 1H - v ‘1u , - l H - v ‘ ,u z , - z ' 1) WW( - l )
( 9 )  W{ u ) W( v ) W( - 1 ) W( z )
 > W( u ) { v , z ] W{ z v )
 * < - u ' ,v ( z - l ) u ' t , - u v _,u >  {0 )6 U  16, f  1 e ' 11 1 -€ !e ' 1 , - u ]
( -u c  t6"' ,-t 1&]W(£ \5uz]ft~])W{zv)
 > < - u ' 1v ( z - l ) u ' l , - u v ‘ ,u >  ( 0 i 6"’ f  ) $ , t  16* M f 16 1 - ~u )
{ -uc  ! $ ' ’ , ~t 16] {-£ 15UC - ( z v )"1 }WW{ - 1 )
 ► { - u v , - v ' ' } { - v ' 1u , - l ] { - v " 1u z , - z ' l ] WW( - l )
| v , z ] ,  C = 1 + ( u ' M z - l J u ’ 1 ) ( u v ' ' u )
( 9 )  W(u)W( - 1 ) W( v ) W( z )
 » { u , v } W( v u ) W( z )
 > {u , v } { — v u z , — z * M WW ( - 1 )
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where  $17 = 
c 19 = l + ( u 2
[ [ 0 , 9 ] )
( i n )
( [ 8 , 9 ] ]
( i v )
( 8 )  W(u)W(-  1 )W(v)W(z)
 » W ( u ) [ v I - v ' , | t f ( v ' , ) W ( - l ) W ( z )
 ► W( u ) {v ,  -v* * ] I v *, z }W(zv 1)
 » < u ' ' (  l + v j u ’ 1, - u v _,u >  ( 1C 19, t  o *1 J
( - t  19 ' , - u H - ue i g ' 1 , - f  ) 9 ] W ( u 2 ) { v ' , , z } W ( z v ' 1)
 ► ( u * 1! l + v ) u ' ,  - u v _1u )  { 0 1g“11 19, £ 19"1 M -C 19' 1 , - u ]
{-UC 19*1 , - f  19} < u 2' ' v " ' (  1- z  ) u2 *, - u 2v u 2 )>
1 ^19 ' )  ( - t  19'1 , -U2] {-u^C 19 1 , - f  19}
W(f 17U2C ig’ 1 ) W( zv* ' )
 * < u ’ 1 ( l + v j u ’ ’ , - u v _1u >  { 019 ’ f 19, f 19*1}
{ -e 19' 1 , - u )  { -uc 19'1 , - t  19] ( - u / ' v ' t z - l ^ * ,  - u 2v u 2 > 
[019 1f  | g , f  Tg 11 { ~c ig 1 , - u 2 M -U2C 19 1 , - (  19}
{-£ 17U£C i g ^ z v ' 1, - v z " ’ }WW( - 1 )
 » {u , v}  { - v u z , - z ‘ ' ]WW(- l )
[ v ^ z ] ,  e l9 = 1+ ( - u ' U  l + v j u * 1) {uv" 'u  ),
’v " 1( z - l ) u 2 " ' H ujjvu? ) ,  and  u 2 = f j g u c j g
( 9 ) W(u)W(- 1 )W(v)W(z)
 » {u , v ]W( vu )W( z )
 ► { u , v |  {- v u z ,  - z " ’ ]W( - z ’ 'vu )W( -  1)
( 8 )  W( u) W( - l ) W( v) W( z )
 > W ( u ) W ( - l ) [ - v z . - z ' 1} W ( - z ' 1v ) W ( - l )
 > W ( u ) W ( - l ) < v ( l + z ) , - z ’ 1v > W ( - z " ,v ) W ( - l )
 » ( u v (  1 + z ),  - z  ’vu "’ !) [ f  1 jut"]1} ,£’13}W(u )W( -1  )W( - z " ]v )W( - 1 )
 ► <uv{  1+z ),  —z~1 vu"^> [ f i j u r J j , ? ' ^ }  {u,  - z " lv}WW( - l )
 ► {u,  v} { - v u z , - z ’ ^ W W l - l )
( 8 )  W( u )W( v )W( - 1  )W{z )
 > W ( u ) W ( v ) { z , - z " ’ }W( z " ' )W( - l )
 ► { - u v ,  - v ' 1} W( -v"*u ) W ( - l ) { z , - z ’ ’ }W( z~ ' )W(- l )
 ► { - u v ,  - v~ l ] < ( v ’u ){ l + z ) , - z  lu*lv ) { - 2 " ’v ' 1u z , - z ]
W ( - v ' ,u ) W ( - l ) W ( z ' 1) W ( - l )
 > { - uv ,  - v " 1 } < { v ' 1u ) (  l * z ) , - z ' ' u " ' v ) >  { - z  'v~*uz, - z }
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w h e r e  we 
and
i - v ' ,u , z ' 1}WW(-l)
n o t e  1 + ( - l - z M z 1) = 1 -  z "1 -  1 = - z *1
1 + ( z ' 1) ( -  1- z ) = 1 -  z ' 1 -  1 - - z ' 1
( 9)  W(u)W(v)W{- 1 )W(z}
 > W( u ){v , z } W ( z v )
 ► W(u) < v ( z - l ) ,  v~ '>W(zv)
 > < - u ' M z - l ) u " , , - u v ~ 1u > i ( ? )g ' 1e 1 6 ’Ml -c )6 1 - - u)
1 -uc 16 1 1 6 ^ ^  t gu t t e ' Mwt zv )
 »  <  - u ' ' v { z - l  J u ' 1 ,  - u v ' ! u >  [  0 i e ' ' f  | 6 - f  i g "  1 >  1 i g '  1 ,  - u  >
{—uc 16"1 l e H - f  1 sue - ( z v ) ' 1 ]WW(-1)
 * { - u v ,  - v ' 1} < ( v"1u ) (  1 +z ), - z ’ ,u ’ 1v >  ( - z ’ 1v ' ^ z ,  - z  )
( - v ’ V,  z 1 ]WW( - 1 )
( 8 ) W(u )W( v) < a,  b )
 > I - u v , - v ' 1 }W(-v '1u )W(- 1 ) < a ,  b>
 * [ - u v ,  - v " 1) < - v ‘ ,ua ,  - b u ' ,v >  ( - f  5v ‘ ,ut ' 5 ,e'‘5 |WW( - 1 )
( 11)  W(u )W( v ) < a ,  b>
 > W ( u ) < - v ’ 1a v ' 1, - vbv  > ( 020  20 _ £ 20 1 - _VI
( - v t j o " ’ , 2oJw^ 5 v t 20 1)
 * < 8 2 - b j )1 i 024 '£24-^24 ' ) | - £24 1 , “U}(-UC24 1 - —^ 24)
W( u 3 ) { 020  ' ^ 2 0 - ^ 2 0  1) i —1 20 * * - V 1 f _ v t 20 1 < ~^2oJw^  5 ^2 0
 * < a 2 , b 2 y  1 024 ^ 2 4 ' ^ 2 4  * H _t24 1 . ~u ) ( -ut24 1 - -C2^)
< ~U3*' 6 2 0 "* ( l “f 20^u 3 '» -U3C2O102OU3^>
{028 1 f 28*f 28 1 H 26 ’ * _u3} { “ u 3*:28 1 - 2 0 )
W(u^) ( -£2 o' 1 * -v l  {-ve2 o‘ 1 < - f2o)w(£ 5v£20 ’ )
 ► < 8 2 , 6 2 )  { 024 '£24*^24 ' l  { - £ 24 * - - u J ( “UC2  ^ 1
< -U 3 " ’02O 1 ( 20^u 3 _ u 3f 20 1^20u 3 )  t #28 1 f 28- f 28 1 {
{ -C28~1 - -U3 H -U3t28 ' - - P281 
< u 4 *£20 1 ( ~ v - l ) u 4 ' 1, u 4 2 0 u 4 )  {^32", f 32 ' f 3 2 1) 
i “ t 32 1 , -u^}  (-U4C32 1 <“ £ 32}W( u 6 H - v t 2 0  1 . * f 2ol 
WU 5 ^ 2 0  * J
-— * < 8 2 , b 2 ) [ 0 2 4  '^24-^24 * ) ( - t24  * , - u ) ( - u t 2 4  * - “^241
64
< - U 3 ' 8 2 0  1 ( l -€  20 )u 3 1' - u 3  ^20 , 02OU3">
( 028 ' ^ 20-^28 ' H - t 28 1 - "u 3l i - u 3t 28*1 »”f 28)
< U 4‘ 1e 20' 1 ( - v - 1  u ^ 2 0 u4^ ( 0 3 2 , C32 ' f 32 ’ J
i - € 32 1 32 J
< u 6‘ ,vc20' , ( - f  20- 1 ) u 6*, , u 6£2oVU6 >^
(^36 ^ 3 6 ' f 36 1 H -€ 3e 1 ' - u 6 H - u $e36 1 . ”f 36 J 
W( U5 )W(C 5VC20 *)
 > <^*2 , 6 2 )* t 0 24 ^  24^24  *( ( _E24 1 < _ u ) ( _u£24 ' '~^24^
<-1 1 3  ^ 2 0  1 ( 1 - f 2 0 )u 3 ' ' ~ u 3f 20 '02OU3^
(028  , f 2 8 ' f 28 1H _e28 1 - _ u 3) ( ~u 3c 28 1 - 28 ^
< u 4 ^20 1 ( - v - 1 ) u 4' 1, u 4 2 0 u 4>  ( 032 , f 32 ' f 32"'(
(-E32 1 , - u 4 ) { -U4E32*1 / - ^ 32(
< u &* ]v t 2o ' 1 ( - f  2 0 ~ 1 )u6 '*. u 6e2C)VU6 > 
f ^36 ]Z 3 6 - f  3 6 *M ( _ t 36 ’ >- u 6 M - u 6e 3 0 ' 1 , -£  3 0 }
{ -U5?5Vt2o'V - ( f 5 ^ 2 0 ) 1) WW( - 1 )
 * { - u v ,  - v ' 1} <( - v ’ua ,  - b u ’ 1v > ( - t  5v ‘ 1ue 5 , e 5}WW( - 1 )
w h e r e
£20 = l  + ( - v ^ a v ' 1) ( - v b v ) , 0 21 = 0 2 O£ 2O£2O- 022 * (£20 ' *V1
023 “ (vc20 * * £ 2o( > E24 = l +( a 2 ) ( b 2 ), 02S = ^ 2 ^ 2 4 * 2 4 ’ 026 “  l£24M ' u (
0 27 = (ue24 ’ , £ 2 4 ^  £28 = 1 + ( u 3 ’020 ' ( l - £ 2 0 ) u3 T) < ^ 3 ^  20 102OU3^
029 = 0*28^28c28- 030 = (£28 ' ' u 3^'  031 = (u 3t 28 1 *f 28J
E32 = l +( u 4 *C 20 ’ ( - v - l ) u 4 1 ) ( ei4E20u 4 J - 033 = 0_3?E 32 E 32 * 034 = (£32 1 - u 4 (
035 = (u 4£32 * *^ 32( * E36 c  1+ ( u &” tv c 20 ' ( “£ 2 0 _ 1  >u 6 *' > ( U6C20U6 )
037 *  0^36e 3 6 e 36* 038 = t£ 36 ' ' u s J '  039 = l u 6E36 T - e 36)
040 = (ugf 11^ 20  , * ( f 1tVE20 ' )  *1<
u 3 -  £ 20uc 24* = £ 2 1u 3£ 28 ' u 5 * P23U6E36 ^  u 6 = f 22u * 3 2  ’
a 2 = u ' v " ' av ' *u"* ( b 2 * uvbvu
( ( 9 , 9 ] ]  (9 )  Vf(u)W{-l )W(v)W(- l )W(z)
( i )   > i u , v } W { v u ) W ( - l ) W ( z )




W ( u ) W ( - l ) < v ( z - l ) , v " * > W ( z v )
< u v ( 2 - l ) , v ' ,u M) { f  isue' |15 , r f 5 }H(u)W( - l ) W ( z v )  
< u v ( z - l ), v ‘ ' u ' '  > If  isuc"/5 , e ' J s} f u,  zv}W 
( u , v j ( v u , z  }W
W(u)W(- l )W(- l )W(v)
( u , - 1 )W(-u)W(v)
{ u , - l ) { u v , - v " ' } W W ( - l )
W( u)W(- l )W(- l )W(v)
W{ u ) { - 1 ,  v ] W( - v  )
W(u ) < 1- v ,  - 1  > W( - v  )
< u ' ’ ( v - l ) u " ' , u 2 )  i 0 4 1 1 uvu"’ , u v  1u"'} ( - u ' * v ‘ 1u , -u} 
( - v " ' u  , - u v u " 1 }W(u )W(-v)
( u ' ^ V - D u ' ^ U ^ I  04 I '  * UVU ' ,  UV 'u* 1 H - u" ' v"  'u , - u } 
( - v " ' u  , - u v u " 1} i u v . v ’ ^ W W f - l )
{ u , — 1) {u v , - v _t} WW( -  1)
1 + ( u" 1( v - l ) u ’ * ) (u2 )
= 1 + ( u ' v u '  -  u 2 ) u 2
-  1 + u ' v u  -  1
= u ' v u
1 + ( u ^ f u ’^ v - l l u ' 1)
= 1 + u 2 (u" ' vu" '  -  u"2 )
= 1 + uvu" '  -  1 
* u v u ’ 1
041 = ( u " ' v u ) ( u v u  ' )  ' = u ' vu 2vu"'
[ 1 9 , 9 ] ]  
( i i )
( 9 )
( 9 )
[(9,11]] (9 ) W(u)W(-l)W(v)<a,b>
 ► {u, v}W( vu) <a, b>
 » (u,v] <-(vu)‘1a(vu)"1,-vubvu> ( 642"'£42, £42"'}
( -£42  1 - _ V U J f - v u £ 4 ?  ’ - - f  4 2 f W ( f  5 V U E 4 2 " 1 )
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(11)  W ( u ) W ( - l ) W ( v ) < a , b >
 > W(u )W( - 1 ) < - v ' 1av~' ,  - v b v >  ( 0 4 3 *11 4 3 , £ 4 3 ' 1) ( -C4 3 ' 1 , -v )
( - v t 4 3‘ 1 - -*43}w(£5v t «3’ ’ )
 * < - u v ' ^ v ' 1, - v b v u ' 1 > { ^ 3u r j 3 , r J 3 |W(U) W(- l )
< 0 4 3 M( I - C 4 3 ) ,  ^4 3 ' *8 4 3 > ( - £ 4 3  1 - _ v ) ( _VM 3  1 ' - f 43l  
W( e 5Vt x,3_  ^J
 » < - u v ^ a v ' 1, - v b v u *1 > (f 4 3ue 4 3 , e 4 3 }
<( U 0 4 3  1 ( l - t 4 3 ) , f 4 3  1 0 4 3 U  1 )  { £  4 4 U C  4 4 ,  E 4 4 }  W(  u  ) t f (  - 1 )  
< - [ 4 3  1 ( - v - 1 ) , -C43 > ( - v t 4 3 1 , -?43)W(f 5VT43'1)
 * < -uv~’a v ' 1, - v b v u ' 1 > (f  43^ 4 3 , ^.4 3}
<(11643 , ( 1 - f 43} '^43  *043u ' )  U  44Uf 44-f  44}
< -u E 4 3 1 ( - v - 1  ) , - t 4 3u 1 > K 45UE 4 5 , e 4 5 }
< uve 43 1 (£ 43 ♦ 1) ,  -c 43VU 1 > (£46ue 4^, e 4&) 
W(u)W(- l )W(e5vC43M)
— * < - u v ’a v ' 1, - v b v u "1 > (f 4 3uf '4 3 ,c 4 3 }
<(u043  *( 1 - ^ 4 3 ), f 43 ' 6 4 3 U ’ y (£ 44UE 4 4 , t  4 4 )
< -UE4 3 ' 1 ( - v - 1 ) , -C4 3u ‘ ' > ( f 45uC 4 5 , ^ 4 5 )
'C u vt 43 1 ( £ 4 3+1 ), -E43Vu‘ ' >  IC46U? 4 5 , £ 4^) ( u , f  5 ^ 4 3  '}W
 * (u,  v} < - ( vu ) ' 1a ( v u ) ' 1, - v ub v u >  ( 0 4 4 *1f 4 4 , £ 4 4 _1}
( - £ 4 4 ' ’ , - v u )  {-VUE4 4 ' 1 , -£ 4 4 ) W
where  C42 = 1 + ( ( vu ) _1a ( vu ) * ' ) ( vubvu ), C43  = l + ( v ' 1a v ' 1) ( v b v ) ,
6 4 4  = ( 6 4 3  1f 4 3 , f 4 3' 1],  045 = (c 43 * , v ], 645  = [VC4 3 ' 1 , £ 4 3 ]
Thus ,  f o r  a l l  o a s e s  t h e  C h u r o h - R o s s e r  p r o p e r t y  i s  s a t i s f i e d ,  and  we 
have  p r o v e d  t h e  u n i q u e n e s s  of  mi nimal  e l e m e n t s .
Not e  We have  r e p e a t e d l y  made u s e  of  t h e  f a c t  t h a t  t h e  n or ma l  form 
f o r  an e l e m e n t  w( u )w(- 1 )  <(a, b ^  may be d e t e r m i n e d  i n  t h e  S t e i n b e r g  
g r o u p  u s i n g  e i t h e r  e l e m e n t a r y  r e l a t i o n s ,  or  i d e n t i t y  P16 of 
P r o p o s i t i o n  6 , 4  By u n i q u e n e s s  of t h e  normal  form a t  m a t r i x  l e v e l ,  
we have an i d e n t i t y  be tween  t h e  c o r r e s p o n d i n g  p r o d u c t s  o f  D en ni s -  
S t e i n  symbols  i n  t h e  S t e i n b e r g  g r o u p  By i n c l u d i n g  t h i s  a s  one of
t h e  d e f i n i n g  r e l a t i o n e  i n  D * ( R , I ) ,  we s e e  t h a t  t h e  p r o c e s s  of u s i n g
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the elementary replacements followed by relation 18 is equivalent to 
applying the identity P16
w( u )w( -1) <( a, b> *= <uau,u’bu‘X  (u'tu.u) [ t u t  .c'^wtuJwC-l), £=l + ba
Relation 18 can thus be determined as follows
With identity P16 in mind, we wish to impose in the equivalence
of
W(u )W(-1) <a,b)
 > W{u )<-a,-b>{e5M e5,f s^Hes ' 1 ,-CsJWt-ds*1)
 * <u',au',,ubu> { Q w ~ ] t n . t n 7 ' ] } 1 -C4? 1 *~ti){ -UE47"* ,-£47^X7)
i ^5 5 - f  5 ’ M e s  1 , —^  5 } W( - 6 5 ' 1)
— * (  u *au *, ubu y 1 647 1 £ 47, £ 47 * 11 -c 47 * , -u} { -uc 47 1 , -£ 47}
< ~U7 '65 *f 5(?5 ’-1) (U7 ) 1, -U7( 05",f5 ) ,U7>
{049 ’£49, £49 ,}{-t49 1 , -U7} { -U7C49 *,-£49]
< u q  ' e j  ' { £ 5 + 1  ) u g  - u g € 5U Q >  { 0 5 t ^ 5 1 ^ 5 1  1 ) ( “ £ 5 1 '  - - u 8 1
{ -UQC5 | 1 , -£51 }W(ug)W(-05 1 )
 » <u',au',,ubu> { 647 '£47,£47 * 1 {"E47 1 , -u} { -ut47 * , -£47}
<-U7‘,0s‘1£5(£5~1-l)(u7)"1,-U7( ©s'1?5)'^7>
(649 ’£49, £49 1} { —C ^9 1 ,-U7M-U7£49 ’,-£49}
<ug *€5 *(£5+1 )uq 1,-U0C5u8> { 05| 1 ^ s 1' ^ 51 'H-£si 1 , -tig J 
{-U8£5r,,-e5,Ku905',,05lW(u)W(-l)
(which is the normal form using only the elementary replacements to 
determine the appropriate product of Dennis-Stein symbols)
where €47 = l+fu^au'1) (ubu ), 048 = 10^“ ,
C49 = l+( -u7'105 '( 1-£5)u7*1 ) (-u7( 0s’^ 5> TU7), 0$o = Us'1, —fs) -
£51 * l+(ug',C5',(£5+l )u8 Mt-ugtsUg)
u 7 = f 5u€47 ug = ^48U7C49 u 9 = f 50u 8 ' C5 r 1




 * <(uau,u  1b u ' 1 >^ { u"1£ u , u } { £ u £ , £  1 }w(u ) w( - 1 )
Thus t h e  r e l a t i o n  w h i c h  we h a v e  c h o s e n  t o  im p o s e  i n  D * ( R, I )  i s  
r e l a t i o n  18,
< u ' 1a u ‘ 1, ubu> { 6 ,4 7 ' 1 £^7 , f 4 7”1) { -€4 7 ' '  , - u > { -UE4 7 ' 1 , “£ 4 7 }
<-U7 *05 *e 5 t f 5 1 - 1 ) t u 7 ) , / “ u 7 ( 0 5 , f 5) ' u 7^
1 649 '£49, £49 '}{-E49 1 ,-U7H-U7C49 1 ,-£49}
< u 8 m e 5 1 ( € 5 +  1  J u e ' 1 ,  - U 0 t 5 U 8 )  I 051  , c 5 t - f 5 t 1 H  - t S )  ’ - _ u 8 f  
{ _u8e51 ' < “£51 Hug05  6 5 )
= (. u au ,  u" 'bu"1 y {u 1Cu, u } { £ u £ , £ 1}
□
Lemma 6 . 9  The following identities hold in every 5^  that 
contains each term of the expression
( 1 ) Xi ( f t )  * X, ( b )  = X*( a+b)
( i i )  X ^ f a J ' Wf u )  = W(u ) * X 5 ( - u " ’au"1)
( i i i )  X ] ( c ) * < a , b >  = < a,  b >  * X j( 0'1 c )
X2(c)*<a,b> = <a, b> * X2( o0)
( i v )  < a y ,  b >  * < ba,  y  > = < a , y b >
Proof Follows directly from the elementary replacements.
□
Lemma 6.10 is a normal subgroup of every 511
Proof: Every 511 * contains the group 5^^ . where a . is the order
relation corresponding to the diagonal in {1,2} *{1,2}, and 5 z^>. is a 
subgroup of every 511 ,^ so we need only show normality. It is 
sufficient to see that
( 1 ) X1(a)DX1( a ) 1 -  V i . { l , 2 } ,  a - R ,  D - D M R . I )
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( i i >  X1( « )W ( u ) W ( - l )X 1( f t ) ' , - U ^ ,  V i - ( l , 2 ] ,  a - R .  u - l  + I 
and  ( l i i )  X1( a ) X 1( b ) I 1( a r l w Hl ^ ,  V i , 3 « t l , 2 } ,  a - R ,  b * I ,  
and t h a t  XtDWWT^O^ o o r r e s p o n d a  t o  a min imal  e l eme n t  w i t h  t v o  W s
B e f o r e  we p r o v e  t h a t  t h e s e  e l e m e n t s  a r e  in HU. we f i r s t  n o t e  t h a t  
f o r  t h e  symbol  b,  c!> -  D*(R, I ), we have b - I  o r  o - I ,  s o  t h a t  
b c , c b - I  F u r t h e r m o r e ,
b c , c b - I  =s=^  1 -  ( 1 + b c )  m I
= >  [ l - (  l + b c H d  + b c ) * 1- !
= >  ( 1 + b c ) 1 -  1 •  I
= 5  ( 1 + b c ) ’ 1 + c b ( l  + bc)"* -  1
= *  ( l  + c b ) (  1 + b c )*1 -  1 -  1
= >  0'1 -  1 -  I
and similarly, bc,ob-I =s> 0 - 1 - 1 .
Now, we see that (i) follows because
X 1 (a ) < b, c>X i(-a ) *= < b, a> X | (((T1-1 )a ) - 
and X2( a ) <( b, c> X2<-a ) = (  b, o> X )(a ( 0-1 ) ) - ^
The second, (11), follows by noting that
X i(a )W( u )W( -1 jX^a)’1 = X \ { a-uau )W(u )W( -1) « because
u-l+I implies u=l+b, some b-I, so we have 
a-uau = a - (l+b)a(l+b) = a - a(l+b) - ba(l+b)
= a -  a - a b - b a  - bab - I,
and X2(a )tf(u )W(-1 )X2(a )'1 = W(u)tf(-l)X2(uau-a) ■ because
a-uau • I as above
The third, ( m ) ,  is trivial when 1 = 5, so we only need consider 
(for b - I )
X, (a ) X2 ( b ) X t ( - a )  -  < a ,  b> W{f )W(- l )X2(f b J X ^ c ' V a  ) -  HI 
b e c a u s e  £_1 — 1 ■ I
and  X2(a )X j ( b)X2( - a  ) = X2 (a ) < b ,  -a>W(C )W(-1 )X2 ( - f a ) X  , ( t ’ b)
= X2 ( a ) < b , - a > X 2 ( -E‘1e a r 1 )W(f )W(- 1 )X , (X b )
= X2( a ) X 2 ( - a E ' V  ) < b , - a > W( C  )W( - 1  ) X, ( X b )  - H U ,  
b e c a u s e  a -a e  '8 1 = a(  1-c'Vc'1 ) = a (  1- t "1 ) * I
In  a d d i t i o n ,  by s t r a i g h t f o r w a r d  a p p l i c a t i o n  of  t h e  e l e m e n t a r y  
r e p l a c e m e n t s ,  i t  i s  e a s y  t o  s e e  t h a t  any e l e m e n t ,  X(DWWXX)X, 
c o r r e s p o n d s  t o  an e l emen t  w i t h  two W‘s Thus Hl/i. i s  normal  i n  HI
□
T h i s  f i n i s h e s  c o m p l e t e l y  t h e  p ro o f  of  t h e  Theorem 6 1 , and  a l l  
n e c e s s a r y  s u p p o r t i n g  lemmas
APPENDIX
T h i s  a p p e n d i x  c o n s i s t s  of  a computer  p r ogram u s e d  as  an a i d  i n  t h e  
c o m p l e t i o n  of  t h e  c o m p u t a t i o n s  n e c e s s a r y  t o  d e t e r m i n e  a s t a t e m e n t  of  
t h e  16 r e l a t i o n s  i n  Theorem 6 1 The program t a k e s  a s e r i e s  of
l e t t e r s ,  X | {a ), X?( a ), W( u ), a , b )  , {u , v }, and u s e s  t h e  e l e m e n t a r y  
r e p l a c e m e n t s  d e f i n e d  i n  t h e  p r o o f  of  Theorem 6 . 1  ( s e e  D e f i n i t i o n  
6 5) t o  r e d u c e  t h e  s e r i e s  of  l e t t e r s  t o  t h e  a s s o c i a t e d  normal  form 
Whi le  t h e  program u s e s  a r e a s o n a b l y  good d e c i s i o n  p r o c e s s  c o n c e r n i n g  
t h e  b e s t  r o u t e  f o r  r e d u c t i o n  of t h e  word t o  t h e  normal  form, i n  many 
c a s e s ,  t h e  p r o c e s s  may be o p t i m i z e d  g r e a t l y  by an a w a r e n e s s  of t he  
i n t e r r e l a t i o n s h i p s  among t h e  r e p l a c e m e n t s  Thus,  w h i l e  t h i s  p r ogram 
i s  s u f f i c i e n t  t o  i n d e p e n d e n t l y  g e n e r a t e  t h e  c o m p u t a t i o n s ,  t h e  
c o m p u t a t i o n s  shown m  t h i s  D i s s e r t a t i o n  a r e  more r e f i n e d  The 
program s e r v e d  a s  a v a l u a b l e  a i d  by a l l o w i n g  t h e  a u t h o r  t h e  
o p p o r t u n i t y  t o  do a g r e a t  d e a l  of f i n e  t u n i n g  by means of t r i a l  and 
e r r o r
The program i s  w r i t t e n  m  t h e  programming l a n g u a g e  of  P a s c a l ,  and 
was d e v e l o p e d  and debugged u s i n g  a c o m b i n a t i o n  of  Apple  P a s c a l ,  and 
Turbo P a s c a l ,  r u n n i n g  on an Apple M a c i n to s h  P l u s  computer  The 
f i n a l  v e r s i o n  i s  w r i t t e n  f o r  Turbo P a s c a l  Due t o  c o n s t r a i n t s  
imposed by Turbo P a s c a l ,  t h e  a r r a y s  a r e  d i m e n s i o n e d  t o o  s m a l l  f o r  
some of t h e  l o n g e r  c o m p u t a t i o n s ,  but  t h e s e  c o m p u t a t i o n s  a r e  e a s i l y  
b r o k e n  up i n t o  s m a l l e r  s eg me n ts  By p o r t i n g  t h i s  program t o  o t h e r  
P a s c a l  c o m p i l e r s ,  one may e x t e n d  t h e  a r r a y  d i m e n s i o n s  and  do t h e  
c o m p u t a t i o n s  e a ch  a s  a whole  On a n o n - M a c i n t o s h  comput er ,  one may 
c ho o se  t o  d e f i n e  a f u n c t i o n  t h a t  f u l f i l l s  t h e  n eed  f o r  s u p e r s c r i p t s  
a nd  s u b s c r i p t s  (done w i t h  a s p e c i a l l y  d e s i g n e d  f o n t  i n  t h i s  
v e r s i o n  ) The s t r u c t u r e  of  t h e  p rogram s h o u l d  a l l o w  i t  t o  be e a s i l y  
m o d i f i e d  f o r  u s e  on o t h e r  c o m p u t a t i o n s  of  a s i m i l a r  n a t u r e
We c o n c l u d e  t h i s  a pp en d ix  w i t h  t h e  c o m p l e t e  p rogram l i s t i n g
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7 2
p rogram Compute,  
t y p e
argument  = s t r i n g [ 1 0 0 ] ,  
i n f o  = r e c o r d  
1 : s t r i n g  [ 1 ] ,  
s  a r r a y [ 1 2 ] of  i n t e g e r ,
a a r r a y [ l  2 ] of  a r g u m e n t ,
e i n t e g e r  
end,
a n e l i s t  = a r r a y [ l  .45] of  s t r i n g [ 8 0 ] ,  
l i n e  = a r r a y t l  45] of  i n f o ,
v a r  
f l i n e ,
e f i r s t ,  e n e x t ,  l a s t ,  l a s t e  : i n t e g e r ,  
done b o o l e a n ,  
e l i s t  : a n e l i s t , 
a c h a r ,
s i , f i l e n a m e  : s t r i n g ,
o u t f i l e  : t e x t ,
f u n c t i o n  d a s h  ( s i g n  i n t e g e r )  s t r i n g ,  
b e g i n  
i f  s i g n  = - 1  t h e n  
da s h  ;= 
e l s e  
d a s h  = 
end,
f u n c t i o n  d a s h p l u s  ( s i g n  : i n t e g e r )  : s t r i n g ,  
b e g i n  
i f  s i g n  = - 1  t h e n  
d a s h p l u s  .= 
e l s e
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dashplus = '+’ 
end,
function digit(n integer):string, {make into string)
begin 
if n < 10 then
c a s e n of
1 : d i g i t : = t
2 : d i g i t . = 2
3: d i g i t : = 3
4 d i g i t : = 4
5 d i g i t ; = 5
6 d i g i t ■ = 6
7 d i g i t ; = 7
8 d i g i t ■ = 8
9 d i g i t ■ - 9
end
end,




if n < 10 then 
str := digit(n) 
else
begin
strtemp := concat(digit(n div 10), digit(n mod 10)), 
if n mod 10 = 0 then
strtemp := concat(digit(n div 10), digit(n mod
1 0 ), v  )<




p r o c e d u r e  d o x l x 2  ( v a r  f  l i n e ,
v a r  l a s t ,  i . e n e x t  i n t e g e r ) ,
v a r
j  : i n t e g e r ,  
s i ,  s 2  : s t r i n g ,  
b e g i n
{ c o p y  1 t o  l a s t  i n t o  i  + 3 t o  l a s t + 3 ] 
f o r  j  = l a s t  d o w n t o  i  d o  
f [3 + 31 = f  t j ] ,
l a s t  := l a s t  + 3 ,
{ c r e a t e  < a , b >  a t  1}  
f [ l ]  1 :=  d ,
f  [ l ]  s [ l ]  := f {1 + 3 ] S [ 1 ] ,
f [ 1 ]  s [ 2 ] = f {1 * 4 ] s  [ 1 ] ,
f l i ]  a [ 1 ] := f (1 ♦ 3 ] a [ l ] ,
f  ( 1 ]  a [ 2 ] = f  U  + 4 ] a [ 1 ] ,
1 c r e a t e  w a t  1+ 1}
f  [1 
t [1 
f [1
1 ) 1  = 'w ' ,
1 ] . s l l ]  = 1 ,
1 ] a [ l ]  = o o n c a t f ’f ’ , s t r ( e n e x t ) ) .
{ c r e a t e  w a t  1 +2 } 
f  [1 + 2]  1 .= * w ' ,
f  l i  + 2]  s l l ]  = - 1 ,
f [1 + 2 ]  a [ 1 ] ' 1' ,
{ c r e a t e  x2 a t  i + 3 ]  
f l i  + 3]  1 := 2 ’ ,
f l i  + 3 ] , s  [ l ]  : = f  [ 1 ] s [ 2 ] ;
f [ i  + 3 ] , a l l ]  = o o n c a t ( f [ i  + 1] a l l ] ,  ’ [ 
{ c r e a t e  x l  a t  i +4}
f  t i  ♦ 4 ] .  1 =  ’ r ,
f ( i  + 4)  s [1]  = f [1 ] a l l ] ,
f [ i  + 4 ] . a [ l ]  := c o n c a t { V ,  s t r ( e n e x t ) ,  
{ c r e a t e  e p s i l o n  f o r  < a , b >  a t  1 ] 
f [ 1 ] e  . = e n e x t , 
s i  ■= d a s h ( f  ( 1 ] s l l ] ) .
, f  t i ]  a [ 2] ,  ‘ ] 1) ,
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b 2 = d a s h (  f  [1 ] s  [ 2 ] ) ,
e l i s t l e n e x t ]  :=  c o n c a t (  ' 1 * (  ' , s i ,  f [ i ]  a [ l ] ,  ’ ) ( ' ,  s 2 ,  f [ i ] . a ( 2 ] ,
{ n e x t  e n e x t )
e n e x t  -  e n e x t  + 1 ,  e n d ,
p r o c e d u r e  g e t f  ( v a r  f  : l i n e ,
v a r  l a s t  i n t e g e r ) ,  { i n p u t  t h e  o r i g  l i n e }
b e g i n
f i l l 1 = ' w t
f i l l S l l ]  : = 1 ,
f  [ 1 ] a  [1 ] = ' u  ' ,
f  [ 2 ] 1 = w t
f  ( 2 ) s l l ]  = 1 ,
£ 12} a l l ]  = ' v ‘ ,
f  [ 2 ] s  [ 2 ] : = 1 ,
f  [ 2 ] a [ 2 ]  : = ‘v ‘ ,
f  [ 2 ] e  : =  1 ,
f  [ 3 ] 1 * 2
f  ( 3 ) s [ l ]  = 1 ,
f  [ 3 ] a l l ]  = ' C ' ,
f  1 4 ] 1 . =  ' w 1
f  1 4 ] s l l ]  ; = 1 ,
f  {4 ] a l l ]  = ' V ' ,
l a s t : =  2 ,
e n d ,
f u n c t i o n  t a k e s i g n  ( v a r  s : a r g u m e n t ) :  i n t e g e r ,  
b e g i n
t a k e s i g n  := 1 ,
i f  ( l e n g t h ( s )  > = 1 )  a n d  ( o o p y ( s , l , l )  = ’ - ' )  
t h e n  b e g i n
t a k e s i g n  = -  1,  
d e l e t e { s , 1 , 1 )
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e n d
e n d ,
p r o c e d u r e  f i n d 2  ( l e t  : s t r i n g ;
( f i n d  a l e t t e r  l o o k i n g }  
f  l i n e ,
( r i g h t  t o  l e f t ,  a n d }  
l a s t  i n t e g e r ,
( s k i p p i n g  l a s t ' }  
v a r  1 : i n t e g e r , 
v a r  f o u n d  b o o l e a n ) ,
b e g i n  
f o u n d  ■= f a l s e ,
1 := l a s t  -  1,
w h i l e  ( i  > = 1 ) a n d  ( n o t  f o u n d )  d o  
i f  f  U 1 1 = l e t  t h e n  
f o u n d  = t r u e  
e l s e
l  = 1 - 1 ,
e n d ,
f u n c t i o n  p a i r x l  ( f  l i n e ,  
l a s t  i n t e g e r ,
v a r  i  i n t e g e r )  : b o o l e a n ,  ( f i n d  a
v a r
g o t i t  b o o l e a n ,  
b e g i n  
p a i r x l  . =  f a l s e ;  
g o t i t  := f a l s e ,  
i  :=  l a s t ,
w h i l e  ( i  > 1 )  a n d  n o t  g o t i t  d o  
b e g i n
i f  ( f [ i )  1 = 1 )  a n d  ( f l i  -  l )  1 = 1 ) t h e n
b e g i n  
p a i r x 1 = t  r u e ,
p a i r  o f  x l ' s }
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g o t i t  = t r u e  
e n d ,
1 := 1 -  1, 
e n d ,  
e n d ;
f u n c t i o n  p a i r x 2  ( f  l i n e ,  
l a s t  i n t e g e r ,
v a r  l  : i n t e g e r )  b o o l e a n ,  { f i n d  a p a i r  o f  x 2 ’ s )
v a r
g o t i t  b o o l e a n ,  
b e g i n  
p a i r x 2  . =  f a l s e ,  
g o t i t  = f a l s e ,  
l  = l a s t ,
w h i l e  ( i  > 1 ) a n d  n o t  g o t i t  d o  
b e g i n
i f  ( f [ i )  1 = ' 2  ) a n d  ( f [ i  -  1 ]  1 = 2 )  t h e n
b e g i n  
p a i r x 2  = t r u e ,  
g o t i t  = t r u e  
e n d ,  
i = i - l ,  
e n d ,  
e n d ,
p r o c e d u r e  doxlw ( v a r  f  : l i n e ,
v a r  l a s t , i , e n e x t  i n t e g e r ) ,  
v a r  t e m p : i n f o ,  
b e g i n  
t e m p  ■= f  t i ) ; 
f [ i ]  = f t i + 1 ] ,  
f  [ i * l j  1 = ’ 2 ' ,
f [ i + l ]  s [ l ]  = - 1  * t e m p  s [ l j .
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f | i + l ]  a [ l ]  : = oonoa t  { ' ( ' , f [1 ] . a [ 1 ],  ' ) _1 ( ' ,  temp a [ 1 ] ,  ' ){
f [ i ]  . a l l ] ,  ' ) 1' ),
end,
p r o c e d u r e  d o x l d  ( v a r  f : l i n e ,
v a r  l a s t , i , e n e x t  i n t e g e r ) ,  
v a r  temp i n f o ,  
b e g i n  
t emp = f [ l  ] ,  
f ( i ]  := f [ i - l ) ,  
f [ i + 1 ] = temp,
f [ i  + 1 ] .a [ 1 ] : = c o n c a t  ( ' 0 ' , s t r ( f ( i ] e ) ,  " U ‘ , f [ i +l ] . a [ l ] ,  ' ] ' ) ,  
e n d ,
p r o c e d u r e  d o x l s  ( v a r  f l i n e ,
v a r  l a s t , l , e n e x t  i n t e g e r ) ,  
v a r  temp i n f o ,  
b e g i n  
temp := f ( i ) , 
f ( l ]  := f [ 1 +1 ];  
f [ i + l ]  = temp,
f [ i + l ]  a [ l ]  = o o n c a t  ( ' 6 > e t r (  f ( i ] e ), ' ‘ 1 [ '  , f [ i + 1 ) a [ 1 ] ,  ' ] ),  
end,
p r o c e d u r e  d o x 2 w ( v a r  f l i n e ,
v a r  l a s t , i , e n e x t  i n t e g e r ) ,  
v a r  temp i n f o ,  
b e g i n  
temp := f ( l ] ,  
f l i ]  = f E l - 1 1 , 
f [ i + l ]  1 := ' 1 ' ,  
f [ l  +1 ) s  [ 1 ] := - 1  * t  emp e [ 1 ] ;
f [ i + l ] a [ l )  = c o n c a t ( f ( i ] a [ 1 J , ‘ ( ‘ , t emp a [ 1 ],  ' ) '  , f [ l  ] a 11 ] ) ,  
end,
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p r o c e d u r e  d o x 2 d ( v a r  f l i n e ,
v a r  l a s t , i , e n e x t  : i n t e g e r ) ,  
v a r  temp i n f o ,  
b e g i n  
temp := f [ i ] , 
f [ i ]  := f [ i  + l ] ,  
f [ i  +1 ] := t  emp,
f [ i  + l ] . a [ l ]  = c o n c a t ( ' [ ’ , f [1 +1 ] a {1 ],  ' ] 0 ' , s t r ( f [1 ] . e ) ) ,  
end,
p r o c e d u r e  d o x 2 s ( v a r  f : l i n e ,
v a r  l a s t , l , e n e x t  i n t e g e r ) ,  
v a r  temp i n f o ,  
b e g i n  
t  emp := f [ i  ] ,  
f [ l ]  := f  [ l * l ] ,  
f [ i  +1 ] = t  emp,
f [ i + l ] . a [ l ]  = c o n c a t ( ' { ' , f [ i + l ] a [ l ] , ' ] 0  , s t r ( f  [ i ]  e ) ),
end,
p r o c e d u r e  d o m r( v a r  f l i n e ,
v a r  l a s t , i , e n e x t  i n t e g e r ) ,
v a r
j  i n t e g e r , 
s 1 , s 2 : s t r i n g [5] ,
b e g i n
{copy i  t o  l a s t  i n t o  i + l  t o  l a s t + l l  
f o r  j  := l a s t  downto i  do
f [ j * l ]  = f h ) .
l a s t  = l a s t  ♦ 1 ,
{ c r e a t e  S t e i n b e r g  symbol  a t  i )  
f 11 ] 1 -  ' s  ‘ ;
f t i ]  s [ l ]  = - 1  • f [ i  ♦ 1 ] s [ l ]  * f [ i  ♦ 2 ] s l l ) ,
f l i ]  c [ 2 j . = - 1  ■ f  [ i  + 2 ] s [1 ],
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f t i ]  a [ l ]  := c o n c a t  ( f [ i  + l j  [ i  + 2 ] . e [ l ] ) ,
f [ i ]  a [2 ] = c o n c a t  f [1 + 2 ) , a [ 1 ] , ’ J'1' ) ,
{ c r e a t e  w a t  i +l}  
f [ l  + 1 ] 1 := ’w‘ ,
f [i  + 1 ] . e [ l ]  - 1  * f ( i  + 2 ] 8 (1  ] * f [ i  + l )  s [ l ] ,
f [ l  + 1 ] a [ 1 J = c o n c a t  f  l i  + 2 ] a [ l ],  ' ) ~1 , f  [ l  + 1 ) a [ l ] ) ,
{c r e a t e  w a t  i + 2 } 
f [ l  + 2 ] 1 .= ,
f [ i  + 21 b [ 1 ] .= - 1 ;
f ( i  + 2 ] a l l ]  := ' 1 ’ ;
{ c r e a t e  e p s i l o n  f o r  symbol a t  1 } 
f [ l ]  . e .= e n e x t , 
s i  = d a s h ( f  [ i ] . s [ 1 ] ), 
s 2 := d a s h ( f  [ l } b [2] ),
e l i s t t e n e x t ]  := c o n c a t ( ’ [ ‘ , s i ,  f [ i ) . a [ l ] ,  s 2 , £ [ i ]  a [ 2 ],
] ' } ,
{n e x t  e n e x t }
e n e x t  = e ne x t  ♦ 1 , 
end.
p r o c e d u r e  dowwv(var  f l i n e ,
v a r  l a s t , i , e n e x t  i n t e g e r ) ,
va r
j  i n t e g e r ,
s i , s 2  s t r i n g [ 5] ,
b e g i n
{ c o p y  i + 2  t o  l a s t  i n t o  i + l  t o  l a e t - i }  
f o r  ]  = i + 2  t o  l a s t  do
f  [ ] - l ]  ■= f t ] ] ,  
l a s t  : = l a s t  -  1,
{create Steinberg symbol at i} 
f[l].l = 's', 
f ( i ] . s [1 ] : = f ( i ] . S [1 ] ,
f [ l ]  S [2 ] = f | i  + 1] .sll].
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i l l ]  a l l ]  : = l [ i ]  a [ l ) ,  
f [ i  ] a [ 2  ] = f  ( i  + 1 ] . a l l ]  ;
{ c r e a t e  e p s i l o n  f o r  symbol  a t  i ]  
f [ l l  e := e n e x t ; 
e l  := d a s h ( f  [ i ]  e [ 1 ] ) ,  
s 2  := d a s h ( f l i ) . e [2 ] ) ,
e l i s t [ e n e x t ]  := c o n c a t e l ,  f [ i ]  a l l ] ,  s 2 , f [ i ]  a ( 2 ],
' ] ■ ) .
{ nex t  enex t }
e n e x t  := e n e x t  + 1 ,
{c r e a t e  n  a t  i  +1 ] 
f [ i  + l ]  . l  = • * ’ .
f ( i  + 1 ] . s l l ]  = f l i ]  s [ l ]  - f  f i ]  s  [2 ),
f [ i  + 1 ] a [ l )  := c o n c a t ( f ( i ] a ( 2 ] , f [ i ] a [ l ] ) ,  
end,
p r o c e d u r e  dowd(var  f l i n e ,
v a r  l a s t , i , e n e x t  . i n t e g e r ) ,
va r
a , b , u  s t r i n g ,
s i , s 2 , z , z p r e v  : s t r i n g  [ 5 ] ,
s a , s b , s u , ]  i n t e g e r ,
b e g i n
a - t  [ i + l ]  a [ 1 ] , s a  =f l i + l ]  s [ l ] ,
b ; = f  [ i + 1 ] a [ 2 );  s b  ^f  [ i + 1 ] , s [2 ];
u : = f [ i ] . a [ 1 ] , su ; = f [ l ] . s  [ l ] , 
z p r e v  :* s t r { f  [ i  +1 ] e ), 
l oopy  i  t o  l a s t  i n t o  i+3  t o  l a s t + 3 )  
f o r  j  := l a s t  downto i  do 
f  I j + 3 ]  := f t j ] ; 
l a s t  = l a s t  + 3,
{ c r e a t e  a D-S symbol  a t  1 }
f [ i ) . l  := d , 
f [ i ] . s [ 1 ] := - 1  * s a .
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f  ( i ] . s [2 ] = - 1  * sb,
f l i ] a [ l ]  : = c o n c a t  ( ' ( ' , u , ' ) ' 1 ' , a , ' ( ' , u ,  
f [ i ] . a [ 2 ] := c o n c a t ( u , b , u ),
{ c r e a t e  e p s i l o n  f o r  <a,b> a t  i ]  
f l i ] e := e n e x t , 
e l  : = d a s h ( f  [ i ] . s  [ 1 ] }; 
s 2 = d a s h ( f  [ i ] . e ( 2 1 ),
e l i s t l e n e x t ]  := c o n c a t ( ' 1 + ( ' ,  s i ,  f [ i ]  a [ l ] ,  s 2 , f ( i ]  a [ 2 ),
z = s t r ( e n e x t ),
( n e x t  enex t}
e ne x t  := e n e x t  + 1 ,
{ c r e a t e  a S t e i n b e r g  symbol  a t  i  + l ]  
f [ i + l ]  1 := s ' ,
f [ i  + 1 ] s [ 1 ] = 1 ,
f [ i  + l ]  s ( 2 ] ■= 1 ,
f [ i + l ]  a l l ]  := c o n c a t  ( '  0 z ,  f z ),
f | i  + l ]  a [ 2 ] = c o n c a t ( C z ,  ’ 1 ),
{ c r e a t e  e p s i l o n  f o r  symbol a t  i + l ]  
f [ i + l ]  e := e n e x t , 
s i  = d as h(  f U + 1 ] s [ 1 ] ),  
e 2 = d a s h f f  [ i + 1 ] s [2 ] ) ,
e l i s t l e n e x t ]  = o o n o a t ( ' [ ‘ , e l ,  f [ i  + l ]  a [ l ] ,  s 2 , f [ i  + l ]  a [ 2 ],
' ] ' ) ,
{n e x t  e n e x t }
e n e x t  : = e n e x t  + 1 ,
( c r e a t e  a S t e i n b e r g  symbol  a t  i+2]  
f U  + 2 ] . 1  = s ' ,
f t i  + 2 ] s l l ]  = - 1 ,
f l i  + 2 ] s [2 ] := - 1  * su,
f [ i + 2 ] a l l ]  = c o n c a t  ( ' t  ‘ , z ,  ' ' ) ,  
f [ 1 +2 ] a [2 ] := u;
{ c r e a t e  e p s i l o n  f o r  symbol  a t  1 +2 } 
f [ i + 2 ] e ;= e n e x t , 
s i  = d a s h ( f  [ i  + 2 ] s l l ] ) .
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s 2 .= d a s h f f  [i  + 2 ] 8 [2 ] ),
e l i s t  [ e n e x t  ] := c o n o a t ‘ , s i ,  f [ i  + 2 ] . a l l ] ,  , , s 2 , f [ i  + 2 } . a [2 ],
' ] ■ ) ,
{n e x t  e n e x t I
e n e x t  := e n e x t  + 1 ,
[ c r e a t e  a S t e i n b e r g  symbol  a t  1 +3 } 
f [ i+3]  1 = ' s ‘ ,
f [ i  + 3 ] . e [ l ]  ;« -1  * su,  
f [ i  + 3] s [2 ] = - 1 ,
f [ i  + 3 ] . a [ 1) : » c o n o a t  (u,  ' e ‘ , 2 , ' '  ); 
f [ i + 3 ] . a [ 2 ]  = c o n o a t ( t z ),
{ c r e a t e  e p s i l o n  f o r  symbol  a t  i+3} 
f [ 1 + 3] . e = e n e x t ; 
s i  := d a s h f f [ i  + 3] . s [ 1 ] ) ,  
e2 := d a s h f  f l i  + 3] s [2 ] ),
e l i s t f e n e x t ]  := c o n c a t ( ’ [ ’ , s i ,  f [ i + 3 ]  a [ l ] ,  s2,  f [ i + 3 ]  a [ 2 ] ,
‘ I ’ ).
[ n e x t  enext}
e n e x t  = e n e x t  + 1 ;
[ c r e a t e  * a t  i + 4 }
f [1 + 4) 1 = ,
f [ i  + 4 ] s [ l  ] : = su ,
f [1 + 4] a [ 1 ] = c o n c a t  ( t  ‘ , z p r e v ,  u ,  ' c ’ , z,  ’ 1' ),
end,
p r o c e d u r e  d o ws f v a r  £ : l i n e ;
v a r  l a s t , i , e n e x t  i n t e g e r ) ,
[ j u s t  change  t h e  S t e i n b e r g  symbol  a t  i + l  t o  a D-S}
v a r
a , b  : s t r i n g ,
s i , s 2 : s t r i n g [ 5 ] ,  
s a , s b , 3 i n t e g e r ,
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b e g i n
{change t o  D-S symbol  and t h e n  u s e  dowd a u t o m a t i c a l l y  n e x t  round} 
a = f [ i  + l ] a [ 1 ) ;  s a  =f [ i + l ]  s [ l ] ; 
b := f [ i +1 ) . a [2 ] ,  s b : = f  [ i + l ]  s [ 2 ] ,
{ c r e a t e  a D-S symbol  a t  i + l }  
f [ i  + l ] . 1  = d ' ,
f [ i  + l )  s [ l ]  = s a ,
f [ i + l ]  s [ 21  = s a ,
f [ i  + l ]  a [ l ]  = c o n c a t ( a ,  d a s h ( e b ) , b,  ' - 1 ) ' ) ,
f [ i  + l ] . a [2 ) = c o n c a t (  ‘ ( ’ , a , ,
{ e p s i l o n  s t a y s  as  i s ]  
end,
p r o c e d u r e  d o h s ( v a r  f l i n e ,
v a r  l a s t , i , e n e x t  i n t e g e r ) ,
{ j u s t  change  t h e  S t e i n b e r g  symbol  a t  i + l  t o  a D-S)
v a r
a , b  s t r i n g ,
s i , s2 : s t r i n g  [ 5] ,  
s a , s b , j  i n t e g e r ,
b e g i n
{change t o  D-S symbol  and t h e n  u s e  dowd a u t o m a t i c a l l y  n e x t  r ound)  
a * f [ i  + l ]  a [ l ] ,  s a  : [ i  + l ) s  1 1 ] ,
b ; = f [ i + 1 ] a [2 ] ,  s b  = f [ i + 1 ] s {2 ] ,
{ c r e a t e  a D-S symbol  a t  i + l ]  
f  U  + l ]  1 d'  , 
f [ i + l ]  s [ l ]  := s a ,
f  [ i + l ] , e [ 2 ] = s a ,
f [ i + l ]  a [ l ]  = c o n c a t ( a,  ' d a s h ( s b ) , b,  ' - 1 ) ' ) ,
f [ i + l ]  a [2 ] .= c o n c a t ( ( ' , a , ' ) ‘ ' '  ) ,
( e p s i l o n  s t a y s  as  i s )  
end,
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p r o c e d u r e  d o h d ( v a r  f l i n e ,
v a r  l a s t , i , e n e x t  : i n t e g e r ) ,
v a r
a , b , u  : s t r i n g ,
s i , s 2 , z p r e v  : s t r i n g [ 5 ] ,
B a , s b , s u , 3  i n t e g e r ,
b e g i n
a : = f [ i + l ] . a [ l ],  s a  =f I i + 1 ) s [ 1 ) ,  
b =£ [ i + 1 ] a [2 ] ,  s b  =f [ i * l ]  e [ 2 ] ,
U . =f [ l - 1 ] . a ( 1 ] , SU:=f [ l - l ]  . 6 [ 1 ] , 
z p r e v  = s t r ( f [ i + 1 ] e ),
{copy 1 +2  t o  l a s t  i n t o  i+3 t o  l a s t + 1 ) 
f o r  j := l a s t  downto i +2 do
f f l j l .
l a s t  = l a s t  + 1 ,
(move t f ( u) W( - l )  i n t o  new p o s i t i o n )  
f  [ i  + 2 J = f [ i ] ,
£ [ i + l ]  := f [ l - l ] ,
{ c r e a t e  a D-S symbol  a t  i - l )  
f [ i - l )  1 .= d ' , 
f 1 1 - 1 J s l l ]  := su * s a ,
f l i - l ]  s [2 ] := su * sb,
f ( i - l ]  a ( l ]  = c o n o a t ( ( , u , ’ ) { ' , a ,  ’ ) ) ;
f [ i - l ]  a { 2 ] = c o n c a t ( ' ( ' , b,  ‘ ) ( ‘ , u,  * ) 1' ),
{ c r e a t e  e p s i l o n  f o r  <a ,b> a t  i - l ]  
f  [ i - l ] . e := e n e x t , 
s i  := d a s h ( f [ i - l ] . s [ 1 ]},  
s 2 :« d a s h ( f [ i - l ] s [2 ] >,
e l i s t [ e n e x t ]  := c o n c a t ( ' 1 + ( ’ , s i ,  f [ i - l ] . a [ l ] ,  ' ) { ' ,  s 2 ,
f  [ i - l ] . a [2 ] ,  ' ) ) ;
{nex t  e n e x t )
e n e x t  = e n e x t  ♦ 1 ,
{ c r e a t e  a S t e i n b e r g  symbol  a t  i )
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f  [ l ]  1 := ' s ' ,
f [ i ] S f 1)  = SU,
f [i ] 8 [2 ] = 1 ,
f [ i ]  a l l ]  = c o n c a t ( f z p r e v ,  ( , u , ' )V* , z p r « v ) ,  
f [ i ]  a [2]  := c o n c a t  ( ’£**,z p r e v ) ,
{ c r e a t e  e p e i l o n  f o r  s ymbo l  a t  i }  
f  [ l  ] e := e n e x t , 
s i  = d a s h f  f [ l ] . s 1 1 ] ) ,  
s 2  = d a s h f  f { i ]  s [2 J ) ,
e l i s t  [ e n e x t ]  = c o n c a t ( ' [ ‘ , s i ,  f [ i ] . a [ l ] ,  s 2 ,  f [ i ]  a [ 2 ] ,
{ n e x t  e n e x t ]
e n e x t  = e n e x t  ♦ 1,  
e n d ,
p r o c e d u r e  movexl  ( v a r  f : l i n e ;
v a r  l a s t ,  e ne x t  i n t e g e r ,  
v a r  done b o o l e a n ) ,
v a r
l  i n t e g e r ,  
found b o o l e a n ,  
b e g i n
f i n d 2 ( ' 1  , f , l a s t , l ,  f o u n d ) , 
i f  fo und  t h e n  
c a s e  f [ l  + l ]  1 [ l ]  of
' 1 ' :
w r i t e l n f o u t f l i e ,  e r r o r ’ ),
’2 ’
b e g i n
d o x l x 2 ( f ,  l a s t ,  i ,  e n e x t ),  
done  : = f a l s e
e n d ,
’ w1
b e g i n
d o x l w f f , l a s t , l , e n e x t ),
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done = f a l s e  
end,
' d '
b e g i n
d o x l d ( f , l a s t , i , e n e x t ),  
done := f a l s e  
end,
' s '
b e g i n
d o x l s ( f , l a s t , i , e n e x t ); 
done = f a l s e  
e n d , 
e n d , 
e n d ,
p r o c e d u r e  movex2 ( v a r  f l i n e ,
v a r  l a s t ,  e n e x t  : i n t e g e r ,  
v a r  done : b o o l e a n ) ,
v a r
d i d o n e  b o o l e a n ,
1 i n t e g e r ,  
b e g i n
d i d o n e  = f a l s e ,
1 = l a s t  -  1 ,
w h i l e  ( i > = l )  and not  d i d o n e  do 
b e g i n
i f  f [ l ) 1 = ’2 ' t h e n  
c a s e  f [ i  + 1 ] .  1 [ 1 ) of  
' 1 ' ,
’2 ’ : w r i t e l n ( o u t  f i l e ,  e r r o r ’ ) ,  
w‘ b e g i n
d o x 2 w ( f , l a s t , l , e n e x t ),  
done := f a l s e , 
d i d o n e  := t r u e ,  
end,
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d b e g i n
dox2 d ( f , l a s t , i , e n e x t ); 
done := f a l s e ,  
d i d o n e  .= t r u e ,  
end ,
’s ' :  b e g i n
d ox 2 s ( f , l a s t , i , e n e x t ),  
done := f a l s e ;  
d i d o n e  = t r u e ,  
end,
e n d ,
i  ■ -  i  - 1 ,
e n d ;
end,
p r o c e d u r e  r e f i n e w v  ( v a r  f l i n e ,  
v a r  l a s t ,  e n e x t  : i n t e g e r ,  
v a r  done b o o l e a n ) ,
v a r
d i d o n e  b o o l e a n ,
1 i n t e g e r , 
b e g i n
d i d o n e  = f a l s e ,
1 = 1 .
w h i l e  ( i < l a s t )  and n o t  d i d o n e  do
b e g i n  ( l o o k  f o r  WW t h a t ' s  n o t  a WW(-l)}
i f  ( f [ i ] . l  = ' » ' )  and ( f l i + l ]  1 = ' w ' ) a nd  
( ( f [ i + l ] s [ l ]  <> - 1 ) o r
( ( f  [ i + l ]  .a [ l ]  <> 1 ) and  ( f [ i  +1  ] a [ l ]  <> ’ ’ ) ) )
t h e n
b e g i n
doww(f , l a s t , l , e n e x t ), 
done = f a l s e ,  
d i d o n e  = t r u e ,
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e n d ,
1 = 1 + 1 ,
end,
end;
p r o c e d u r e  m u l t *  ( v a r  f l i n e ,
v a r  l a s t ,  e n e x t  i n t e g e r , 
v a r  done : b o o l e a n ) ,
v a r
d i d o n e  b o o l e a n ,  
i  i n t e g e r ,  
b e g i n
d i d o n e  = f a l s e ,
l  : =  1 ,
w h i l e  ( i < = l a s t - 2 ) and n o t  d i d o n e  do 
b e g i n
i f  ( f [ i ] . l [ l ]  = ‘w’ ) and ( f [ i + l ]  1 [ 1 ) = 
( f [ i  + 2 } 1 [ 1 ] = w ' ) t h e n
i f  ( f ( i  +1 ) s  ( l ] = - l ) and  ( ( f [ i  + l  ] . a [ 1 ] 
( f  [ i + l ] . a [ l )  = 1 ))
t h e n  b e g i n
dovww{f, l a s  t , l , enex t ),  
done = f a l s e ,  
d i d o n e  := t r u e  
end 
e l s e  b e g i n
doww(f , l a s t , i , e n e x t ),  
done := f a l s e ;  
d i d o n e  : = t r u e  
end,  
i  := i  ♦ 1 , 
end
end,
' w ' )  and 
=  ' ' ) o r
p r o c e d u r e  movew ( v a r  f 1 m e ,
9 0
v a r  l a s t ,  e n e x t  ; i n t e g e r ,  
v a r  done : b o o l e a n ) ,
v a r
d i d o n e  b o o l e a n ,
1 i n t e g e r ,  
b e g i n
d i d o n e  ■ = f a l s e ,  
i  : = 1 ,
w h i l e  ( i < l a s t )  and  no t  d i d o n e  do 
b e g i n
{check 1s t  f o r  ww(- 1 )d/ww(- 1 )s f o r  an h d / h s )
i f  ( f [ i ]  1 [ 1 J = ' w ' ) and  ( i > l )  t h e n
i f  ({ f l i  ] a {1 ] = ' ' ) o r  { f [ l ]  a 11 ] = ’ 1 ' ) )
and  ( f  [ l ]  . s [ l ] = - l )  and ( f f i - l ]  1 [ 1 ] = ' w ' )
t h e n
i f  f [ 1 +1 ) 1 [ l ]- d ' t h e n  b e g i n
d o h d ( f , l a s t , l , e n e x t ), 
done  ;= f a l s e ,  
d i d o n e  = t r u e  
end
e l s e  i f  f [ i  + l ]  1 f 1 ] = ‘e ' t h e n  b e g i n
d o h s ( f , l a s t , i , e n e x t ), 
done  = f a l s e ,  
d i d o n e  := t r u e  
end,
( c h e c k  2 nd f o r  a r e g u l a r  wd or  ws) 
i f  ( d i d o n e  = f a l s e )  and  ( f [ i ]  1 [ 1 ] = w ) t h e n  
b e g i n
c a s e  f [ i  + l ] . 1  [ l ]  of 
' d ' :  b e g i n
d o w d ( f , l a s t , l , e n e x t ),  
done : = f a l s e ,  
d i d o n e  = t r u e  
end,
' s ’ b e g i n
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dows( f , l a s t , i , e n e x t ), 
done := f a l B e ,  
d i d o n e  = t r u e  
end,
end,  
e n d , 
i = i  + l ,  
end,
end,
p r o c e d u r e  doxx ( v a r  f l i n e ,
va r  l a s t ,  i  i n t e g e r ) ,  {combine x i x i  -----> xi}
b e g i n
f ( i ]  a ( l l  = c o n c a t ( f [ l ] . a [ l ] , d a s h p l u s ( f [ i + 1 ) s  [ 1 ) ) ,  
f [ l + l ]  a 11 ] ),
i = i + l ,  
l a s t  .= l a s t  - 1 , 
w h i l e  l  <= l a s t  do 
b e g i n
f t i l  := f l l  + 1 ] ,
l  = 1  + 1,
end,
end,
p r o c e d u r e  smash ( v a r  f : l i n e ,  
v a r  l a s t  : i n t e g e r ,  
v a r  done : b o o l e a n ) ,
v a r
smashed b o o l e a n ,  
i  ; i n t e g e r ,  
b e g i n  
smashed = f a l s e ,  
r e p e a t
i f  p a i r x l ( f ,  l a s t ,  l )  and  ( l a s t  > 1 ) t h en  
b e g i n
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d o x x ( f ,  l a s t ,  i ),  
done : = f a l s e  
end
e l s e  i f  p a i r x 2 ( f ,  l a s t ,  i )  and  ( l a s t  > 1 ) t h e n  
b e g i n  
d o x x ( f ,  l a s t ,  i ) ,  
done = f a l s e  
end 
e l s e
smashed = t r u e ,  
u n t i l  smashed 
e n d ,
p r o c e d u r e  r e d u c e  ( v a r  f : l i n e ,  (mam
r e d u c t i o n  a lg}
v a r  e n e x t , l a s t  i n t e g e r ; 
v a r  noop b o o l e a n ) ,
b e g i n  
noop = t r u e ,
s m a s h ( f ,  l a s t ,  n oo p ) ,  ( combine  a l l  x l ’s and  combine a l l  x 2 ‘s)  
i f  noop t h e n  m o v e x l ( f ,  l a s t ,  e n e x t ,  n o o p ) ,  {move an x l  t o  t h e
r i g h t )
i f  noop t h e n  movex2 ( f ,  l a s t ,  e n e x t ,  n o o p ) ,  (move an x 2 t o  t h e
r i g h t )
i f  noop t h e n  m u l t w ( f ,  l a s t ,  e n e x t ,  n o o p ) ,  { m u l t i p l y  l e f t m o s t
t h r e e  W s )
i f  noop t h e n  movew(f,  l a s t ,  e n e x t ,  no o p) ,  {move a W t o  r i g h t  of
a D]
i f  noop t h e n  r e f i n e w i r ( f ,  l a s t ,  e n e x t ,  n o o p ) ,  (WW becomes VfW(-l)]
(* i f  d i d n ' t  do a n y t h i n g ,  t h e n  n o o p =  t r u e  *) 
end ,
p r o c e d u r e  p r i n t e  ( v a r  f l i n e ,  
v a r  num i n t e g e r ) ,
b e g i n
( p r i n t  e p s i l o n  number num)
i f  c o p y f e l i s t [ n u m ] , 1 , 1 ) = ' [ '  t h e n  
b e g i n
w r i t e l n l o u t f l i e , ' 0  , s t r ( n u m ) , ’ = ' , e l i s t [ n u m ) ) 
end 
e l s e
b e g i n
w n t e l n (  o u t f  i l e ,  z ' ,  s t r ( n u m ) , = ' , e l i s t [ n u m ] )
end
end,
p r o c e d u r e  p n n t e s  ( v a r  f : l i n e ,  [ p r i n t  l i s t  of  e p s i l o n s }
v a r  e f i r s t , l a s t e  i n t e g e r ) ,
v a r
j  i n t e g e r ,  
b e g i n
f o r  j : = e f i r s t  t o  l a s t e  do 
p n n t e  ( f , 3 ),
e n d ,
p r o c e d u r e  p r i n t f  ( v a r  f l i n e ,  [ p r i n t  o u t  c u r r e n t  l i n e }
v a r  l a s t  i n t e g e r ) ,
v a r
1 . i n t e g e r ,  
b e g i n
f o r  1 = 1 t o  l a s t  do
c a s e  f [1 ] . 1 [ 1 ] of  
‘ 1 ; b e g i n
w r i t e ( o u t f i l e , ' X i ( ’ , d a s h ( f [ i ] . s [ l ] ) ,  f [ 1 ] a [1] ,  * ) ' ) ,
e n d ,
’2 ' : b e g i n
w r i t e ( o u t f l i e ,  ‘Xjf - d a s h ( f [ i ] s  [ 1 ] ) ,  f [ i ] . a [ l ] ,  
end,  
d '  b e g i n
w r i t e f o u t  f l i e ,  ‘ ‘ , d a s h t  f [ i  ] . s [ 1 ] ),  f [ i ]  a [ l ] ,
da s h(  f [ 1 ] s  [2 ] ),  f [ i ]  a [ 2 ] ,  > '
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end,
’s '  : b e g i n
w r i t e ( o u t f i l e , ’ i ’ , d a s h { f [ i ] e [ l  ] ) ,  f [ i ] . a [ l ] ,
d a s h t f  t i ]  - s  (2 }) ,  f [ i ]  a [ 2 ],  } ) ,
end,
'w'  : b e g i n
i f  f [ i ]  a [ l ]  = ' t h e n  e l  : = 1 ‘ e l s e  s i  = f [ i )  a l l ] ,
w n t e (  o u t f  l i e ,  ' W( ' ,  da s h(  f [ i  ] . e [1 ] ) ,  s i ,  ' ) ' ) ,
end
end,
w n t e l n ,  w n t e l n t  o u t f  l i e ),  
end,
p r o c e d u r e  i n p u t f  ( v a r  f l i n e , v a r  l a s t , e n e x t , e f i r s t  i n t e g e r ) ,  
v a r
s i , s 2 s t r i n g  (5] ,  
a l , a 2 s t r i n g ,  
lnum, f op ,  l o c  i n t e g e r , 
b e g i n
l num: =0 ,
w r i t e ( b e g m  w i t h  e p s i l o n  # ' ) ,  r e a d l n (  e f  i r s t ),  e n e x t  := e f i r s t ,  
r e p e a t
lnum = lnum + 1 , 
w n t e l n t  ’ i n p u t  l e t t e r  # ' , l n u m ; 3 ) ,  
w n t e (  l e t t e r  ’ ) ,  r e a d  In ( f [ lnum) 1 ),  
i f  f [ l n u m ] . l  <> ’ " t h e n
i f  f [ lnum] 1 <> r '  t h e n  
b e g i n
w r i t e (  ( f i r s t ) a r gumen t  = ‘ ),  
r e a d l n ( f [ l n u m ] . a [ l ) ) ,
f t l n u m ] . 8 [ 1 } .= t a k e s i g n f f l l n u m ]  a ( l ] ) ,  
i f  ( f [ l n u m ] . l  ■ ’s ' )  o r  ( f t l n u m ]  1 * ‘d ’ ) t h e n  
b e g i n
w r i t e t  ' s ec on d  a r gument  = ' ) ,  
r e a d I n ( f [ lnum] a [2 ] ),
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f t l n u m]  s [ 2 ] := t a k e s i g n ( f [ lnum] a [2 ] ) ,
{ c r e a t e  e p s i l o n  o r  t h e t a ]
b e g i n
e l  :* d a s h ( f [ l n u m ] . s [ l ] ),  
s 2 := d a e h ( f [ l n u m ]  s [2 ] ) ,  
a l  : *= f [ lnum] a [ 1 ] , 
a 2 := f t lnum] a [2 ] ,  
i f  f t l n u m ]  1 = ’s '  t h e n  
e l i s t  [ e n e x t ] : = 
o o n c a t ( ■ [ , , e l , a l , ' , , , s 2 , a 2 , ] ’ )
e l s e
e l i s t  [ e n e x t ] =
c o n c a t ( ’ 1 + ( ’ , s i , a l , ' ) ( ' , s 2 , a 2 , ' ) ' ) ,
e n d ,
f [ l n u m ]  e = e n e x t , 
e n e x t  := e n e x t  +1 , 
end,
i f  ( f [ l n u m ] . l  = ' * ’ ) and ( f [ l n u m] . s [ l ] = - 1 ) and
( f [ l n u m ] . a [ 1 ] = ’ 1 ' )  
t h e n  f t l n u m]  a [ l ]  ;=
end
e l s e  lnum = 0 , 
u n t i l  f [ lnum] 1 = 
l a s t  -  l n um - 1 ,
[ g e t  and do t h e  f i r s t  o p e r a t i o n ]  
w n t e l n (  f i r s t  op => l o c a t i o n  (NO COMMAS) : ),
r e a d l n t  f o p , l o c ), 
c a s e  f o p  of
4 i f  { ( f [  l oo  I 1 = 1 ) and ( f [ l o c + l ] . l  = 1 ' ) )
o r  ( ( f t l o o ] 1 = ’ 2 ) and  ( f l l o c + 1 ) 1 = ' 2 ‘ )) t h e n  
b e g i n
p r i n t f ( f , l a s t ),  
d o x x ( f , l a s t , l o c ),
end
e l s e  w n t e l n (  ' e r r o r  i n  i n p u t  ).
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5: i f  f ( f [ l o c ]  1 = 1 ) and ( f [ l o c + l ]  1 = w ' ) )  t h e n
b e g i n
p n n t f  ( f , l a s t ), 
d o x l w { f , l a s t , l o o , e n e x t )
end
e l s e  i f  ( f [ l o c ] . l  = 2 ) and  ( f [ l o c + l ] . l  = w )  t h e n
b e g i n
p n n t f  ( f , l a s t ),  
d ox 2 w ( f , l a s t , l o c , e n e x t )
end
e l s e  w n t e l n f  ' e r r o r  i n  i n p u t ) ,
6 i f  ( ( f [ 1 oo ] 1 = 1 ) and ( f [ l o c + l ]  1 = 2 ‘ ))  t h en
b e g i n
p r i n t  f ( f , l a s t ),  
d o x l x 2 ( f , l a s t , l o c , e n e x t )
end
e l s e  w r i t e l n ( ' e r r o r  i n  i n p u t ) ,
8 : i f  ( f [ l o c ]  1 = w )  and ( f [ l o c + l ] . l  = * ' )
and ( ( f [ l o o + l ] . s  [ l ]  <> - 1 ) or
( ( f [ l o c + l ] . a [ 1 ] < > ' l )  and ( f [ l o c + 1 ] a [ 1 ] <> ’ ) ) )
t h e n
b e g i n
p n n t f  ( f , l a s t  ),  
doww(f , l a s t , l o c , e n e x t )
end
e l s e  w r i t e l n ( ' e r r o r  i n  i n p u t  ),
9: i f  ( f [ l o c ]  1 * ’* ' )  and ( f [ l o c + l ]  1 = ’w ' ) 
and ( f [ l o c + 1 ] . s [ 1 J * - 1 )
and ( ( f [ l o o + l ) a [ l ]  » ' )  or  ( f [ l o o + l ]  a ( 1 ] * ‘ 1 ' ) )
and ( f ( l o c + 2 ] 1 = ' * ' )
t h e n
b e g i n
p r i n t f ( f , l a s t ),  
domrwf f , l a s t ,  l oc ,  e n e x t )
end
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e l s e  w r i t e l n t  ' e r r o r  i n  i n p u t ' ) ,
1 0 : i f  ( f  [ l o c ]  1 = 1 ) and ( f [ l o c +l ]  1 = d ' ) t h e n
b e g i n
p n n t f  ( f , l a e t ); 
d o x l d ( f , l a e t , l o c , e n e x t )
end
e l e e  i f  ( f t l o c ] 1 = 1 ) and  ( f [ l o o + l ] . l  ■ s ' )
b e g i n
p r i n t f ( f , l a e t ),  
d o x l s ( f , l a s t , l o c , e n e x t )
end
e l s e  i f  ( f [ l o c ] . l  = ' 2 ' )  and  ( f [ l o o + l ] . l  = d ) 
b e g i n
p r i n t f ( f , l a s t ),  
d o x 2 d ( f , l a s t , l o c , e n e x t )
end
e l s e  i f  ( f [ l o o ] . l  = 2 ) and ( f [ l o c + l )  1 = ’s ’ )
b e g i n
p r i n t f ( f , l a s t ),  
dox 2 s ( f , l a s t , l o c , e n e x t )
end
e l s e  w n t e l n t  e r r o r  i n  i n p u t  ),
11 i f  ( f [ l o c ] . l  = w ' )  and ( f [ l o c + l ]  1 = d )  t h e n
b e g i n
p r i n t f ( f , l a s t ),  
d o w d ( f , l a s t ,  l o c , e n e x t )
end
e l s e  i f  ( f [ l o c ] 1 = w ' )  and  ( f [ l o c + l ]  1 « s ' )
b e g i n
p r i n t f ( f , l a s t ) ,  
d o w s { f , l a s t , l o o , e n e x t )
end
e l s e  w n t e l n t  e r r o r  i n  i n p u t ’ ), 
o t h e r w i s e  w r i t e l n t  ’No o p e r a t i o n  p e r f o r m e d  b e f o r e
r e d u c t i o n  ' ) ,
t h e n
t h e n
t h e n
t h e n
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end,
e n d , 
b e g i n
w r i t e l n (  What i s  t h e  o u t p u t  f i l e ’ s name: ' ) ,
r e a d l n t f i l e n a m e );
r e w r i t e ( o u  t f i l e , f  i l e n a m e ),
e n e x t  := 1 ,
i n p u t f { f ,  l a s t ,  e n e x t ,  e f i r s t ) ,  i g e t  t h e  t a r g e t  word} 
done := FALSE; 
r e p e a t  
p r i n t f ( f , l a s t ),  
r e d u c e ( f ,  e n e x t ,  l a s t ,  d o n e ) ,  
u n t i l  done ,  
l a s t e  := e n e x t - 1 , 
p n n t e s t  f , e f i r s t , l a s t e ) ;  
c l o s e ( o u t f i l e ) 
end
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